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Abstract

Realisticrenderingof materialssud asmilk, fruits, wax,marble andsoon, requitesthesimulationof subsurface
scatteringof light. This paperpresentsan algorithm for plausiblereproductionof subsurfacescatteringeffects.
Unlike previously proposedwork, our algorithm allows to interactively change lighting, viewpoint, subsurface
scatteringproperties,aswell asobjectgeometry

Thekey ideaof our appoad is to usea hierarchical boundaryelementmethodto solvetheintegral describing
subsurfacescatteringwhenusing a recentlyproposedanalytical BSSRDFmodel.Our appmoacdh is inspired by
hierarchical radiositywith clustering The succes®f our approad is in part dueto a semi-analyticalintegra-
tion methodthat allows to computeneededpoint-to-patt form-factorlike transportcoefcients efciently and
accuatelywhee othermethoddail.

Our experimentshowthat high-qualityrenderingsf translucenbbjectsconsistingof tensof thousandof poly-
gonscan be obtainedfrom scratch in fractionsof a second An incrementalupdatealgorithm further speedsup

renderingafter materialor geometrychanges.

Catagories and Subject Descriptors (accordingto ACM
CCS) 1.3.3 [ComputerGraphics]: Picture/ImageGenera-
tionDisplay algorithms|.3.7 [ComputerGraphics]: Three-
DimensionalGraphicsand RealismColor Color, Shading,
Shadaving andTexture;

1. Intr oduction

In our daily life, we are surroundedby mary translucent
objects,suchasmilk, marble,wax, skin, paper andso on.

Thetransluceng is causedy light enteringthematerialand

scatteringinside it. This subsuréce scatteringdiffusesthe

incident light, making small surface detail look smoother
Furthermore light may scatterthrough an object, which

lights up thin geometricdetail if illuminated from behind.
Theseeffectscreatea distinctlook that cannotbe achieved

with simple surface re ection models.Even if a material
doesnot seemto bevery translucentt rst sight,atthe ap-

propriatescaleit might exhibit subsurécescatteringeffects
12 (seealsocolor plate gure 4).
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Subsurécescatteringeffectscanberenderedf ine using
a wide rangeof methodsproposedor participatingmedia,
including nite elementmethods?5 %26, (bidirectional)path
tracing® 19, photonmapping!4 3, anddiffusion approxima-
tions°,

A major breakthroughwasrecentlyachieved with anan-
alytical modelfor subsurace scattering!®, eliminatingthe
needfor numericalsimulationof subsuracelight transport
in homogeneousighly scatteringoptically thick materials
suchasmilk andmarble.In orderto usethis modelin global
illumination algorithms a hierarchicalntegrationtechnique
was proposedby Jenseret al. 13. Unfortunately this tech-
nigue doesnot appearto allow interactve rendering.The
methodproposedy 2 is interactie, but only for rigid ob-
jectswith x ed, possiblyinhomogeneoussubsuréce scat-
tering properties.Hao et al.1® producesimilar resultswith
theirtechniquealsofor x edgeometryOur goalis to ren-
derdeformabletranslucenbbjectsatinteractve ratesunder
varying lighting andviewing conditions(seecolor pagefor
examples).

Theproblemathandis relatedto thewidely studiedprob-

lem of real-time renderingwith comple surface BRDFs
e.g.1: 1621 Theseechniquesannothandlesubsuracescat-
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teringbecaus¢hey assumehatlight is directlyre ectedand
notscatterednsidethe object.Recentwork on precomputed
radiancetransfer?’ can be extendedto handlesubsuréce
scatteringasit hasalreadybeendemonstratedo work for
participatingmedia,but it assumestaticmodels.

We shaw thatour goalcanbereachedvith a hierarchical
boundaryelementmethodto solve the subsurce scatter
ing integral (4) of §2, in the spirit of hierarchicalradiosity
with clustering® 282631 An outline of the methodis given
in 83. The succes®f the methodis in partdueto an ef-
cientandaccuratesemi-analytidntegration methodfor the
neededoint-to-patchform-factorlik e transportcoefcients
(84). Designchoicesof ourimplementatioraredescribedn
85 andresultsarepresente@nddiscussedn §6.

2. Background
2.1. The SubsurfaceRe ection Equation

We rst introduce the necessarybackgroundon subsuf
facescatteringandthedipole sourceapproximatiorrecently
broughtto the attentionfor renderingtranslucenmaterials
by Jenseret.al5 13,

Theshadeof asurfacepointx, onatranslucenbbject,ob-
sened from a directionwp, is computedwith the following
integral:

zz
L' (xo;wo) = L 06w SO X0 wo)(wi - N)dwidhi (1)

L' (%o;Wo) andL  (x;;w;) denotexxitant/incidentradiance
respectrely. S is the objects surface, W: (x;) is the hemi-
sphereabove x; in normaldirectionN;, and S(X;; wi; Xo; Wo)
is the bidirectional surface scatteringdistribution function
(BSSRDF)In generaltheBSSRDHs aneight-dimensional
function, expressingwhat fraction of (differential)light en-
emy enteringthe objectat a locationx; from a directionw;
leavesthe objectat a secondocationxg into directionwo.
Becauseof its high dimensionality it is infeasibleto pre-
computeandstorethis term, especiallysinceit dependn
theobjects geometry

Previous techniques$ 15 shaw that subsuréce scattering
can be modeledadequatelyusing two componentssingle
scatteringandmultiple scatteringSinglescatteringaccounts
for only asmallfractionof theoutgoingradianceof a highly
scatteringoptically thick translucenmaterialsuchas mar
ble, milk, .... Thedominanttermis the multiple scattering,
whichwe will focuson.

Multiple scattering diffuses the incident illumination,
suchthatthereis almostno dependencen theincidentand
outgoingdirectionarymore.Thereforet canberepresented
at high accurag asa four-dimensionaffunction Ry(Xi; Xo),
which only depend®on theincidentandoutgoingpositions.
Additionally accountingor the Fresneltransmittancavhen
light entersaandleavesthematerial we getthefollowing sub-

surfacescatteringe ectancefunction:
1
S(Xi;Wi;Xo;Wo):BF[(h;WO)Rd(Xi;XO)FI(h;Wi): (2)

Substitutingthis into Equationl, we get:

L (xoiwo) = ;Ft(h;Wo)B(Xo) 3)
B(xo) = SE(Xi)Rd(Xi:Xo)dXi 4)
Z
E(x) =

L (xi;wi)R(h;wi)(Ni wi)dw; (5)
W (%)

In orderto rendertranslucenibjectsef ciently, oneneeds
anefcient way to solve this equationat every surfacepoint.

2.2. Dipole Source Approximation

First, we needto decideon a modelfor the BSSRDF and
thusamodelfor Ry. Thismodelhasto ful Il two maincrite-
ria: it shouldbe adaptabldo differentmaterialsandshould
provide anefcient solutionof equation(4).

An accuratenethodto determineRy(X;; Xo) is to useafull
simulation.Many differenttechniqueshave beenproposed
(comingfrom theareaof participatingmedia),e.g.8 26 19.14,
While thesetechniquesareeffective, they ful Il noneof the
above criteria.

We choseto usearecentlyintroducedmodelfor the BSS-
RDF in homogeneousnediaas the basisfor our work 15.
This modelis basedon a dipole sourceapproximationfor
the solution of a diffusion equation!2 29 that modelslight
transportin denselyscatteringmedia. We shall seethat it
fullls theabove requirements.

The key ideabehindthe dipole sourceapproximatiorfor
Ry(Xi; Xo) 15, is eleggantandsimple.An incomingray at posi-
tion x; on a homogeneousplanay andin nitely large and
thick mediumis convertedinto a dipole source(i.e. two
sources)at the sameposition. One sourceof the dipole is
placedat a distancez, above the surfaceat x;. The second
sourceis at a distancez, belav the surfaceat x;. Ry(X;; o)
is then obtainedby summinga sort of illumination contri-
bution at xo, dueto the two sourcesearx;. The resultis a
functionof the distance only, betweerx; andx, (seeTable
1).

Although the dipole sourceapproximationis only valid
for planarsurfaces!218, mis-usingit for curved surfaces
yieldshighly plausibleresultstoo, ashasbeenshavn in sev-
eral complex examplesby Jenseret al. 1513, We will useit
in the samespirit. The modelis alsoinherentlylimited to
homogeneousnaterials.The appearancef heterogeneous
materialswas simulatedby meansof texture mappingtech-
niques?® 20 in previous work andthis could be donein the
work presentedhereaswell.

¢ TheEurographic#ssociation2003.
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aO e SS e S
0 = — 1+ + 1+ —_—
Ra(Xi; Xo) 2 Z(1+ ss) 3 z(1+ ss) 3
Zr = 1=st°; Zv = z + 4AD
s = kxr Xok,withx =%z N;
sy = kxy  Xok,withxy = X+ 2y N;
_ 1+ Fdr
A= Far
Fy = 2440, 0710, 668+ 0:0636h
h2 h
D= 1=3s{ s= 3sas?
s{ = sa+tsd a = si=¢

s = reducedscatteringcoefcient (given)
sa = absorptiorcoefcient (given)
h = relativerefractionindex (given)

R(h;w) Fresnekransmittancéactor

Table 1: The dipole souce BSSRDFmodel. This paper
presentsan ef cient strategy for computingintegrals of this
model,similar to point-to-patt form factorsin radiosity as
well as a hierarchical evaluationalgorithm allowing inter-
activerenderingspeeds.

3. Outline of the New Method

In this section,we outline a hierarchicalboundaryelement
methodto solve equation(4) efciently, in the style of hi-
erarchicalradiosity with clustering.Before elaboratingthe
detailsof the methodin next sectionswe comparewith re-
latedwork atthe endof this section.

3.1. Discretisation of Equation (4)

The additionalsurfaceintegral (4) requiredfor subsuréce
scattering,malkes the calculation of subsurace scattering
considerablymore expensve thanlocal light re ection cal-
culations.

If we breakthe surfacesof our objectto berenderednto
regions Ay, andif we assumesmall lighting variation over
eachregion, making E(x;) = Ex constantfor all xj 2 Ay,
equation(4) reducedo thefollowing sum:

B(Xo) = A ExF(Ak;Xo) (6)
ya
F(Ak; %) = R Ra (%5 %o0) dx; (M

We computethe factorsF(A;Xo) for the midpoint of each
elementw.r.t. all otherelementsThe irradiancekEy is also
evaluatedat the midpoints. The sum (6) canthenbe used
to evaluateexitant radianceat eachelementanidpoint and
takenfor the constantadiancevaluefor thewhole element.

¢ TheEurographic#ssociation2003.

The factorsF(A; %) are similar to point-to-patchform
factorsin theradiositymethoc?. There theform factorusu-
ally hasa purelygeometriomeaningwhereasour form fac-
tor alsoencodeshematerialpropertieslt is generallymuch
smootherallowing usto treatE(x;) asconstanfor largeob-
jectpatchesandevento ignorevisibility.

It turnsout thatfor all but the neareselementsa single-
sampleestimateof the form factoris sufciently accurate.
Thesamecriterionfor selectinga numberof samplesanbe
usedasin 3. We presentin 84 a semi-analyticintegration
methodfor theform factor It is indispensabléor ef ciently
andaccuratelyhandlingnearbyelementsyhich would oth-
erwisesometimesequirea largenumberof samples.

3.2. Clustering

Computingsubsurécescatteredadiancen this simpleway
is unfortunatelya quadraticprocedurdn termsof the num-
berof elementsThis is too costlyfor interactive imagesyn-
thesis,exceptfor the simplestmodels.A log-linear proce-
dureis obtainedby groupingdistantelementshierarchically
in socalledclusters,in a similar way asin hierarchicalra-
diosity with clustering® 28 26:31,

Eachclusterrepresents collection of faces,alongwith
a compactrepresentatioffor thesefaces.This collectionof
faceds madeup of all facesdeepeiin the hierarchy A clus-
ter alsostorespointersto one or more child-clusterswhich
themseles store a representatiodor all their child-faces.
The leaf nodesof this hierarchycorrespondwith the orig-
inal facesof which the objectis composedWe discussthe
requirementsndoptionsin constructingthe clusterhierar
chiesfurtherin Section5.1.

Ratherthancomputingthe form factorbetweereachpair
of faceelementsye rst createacandidatdink betweerthe
top level clustercontainingall the facesof the objectand
itself. Next, this link is subjectedo a re nementoracle.If
the oracledecidegshatthelink would not allow sufciently
accuratentegration,thecandidatdink is re ned by opening
the clusterattherecever or emitterside.As such,new can-
didatelinks result,which aretestedin turn. The re nement
oracleandstratgyy we usedis describedn Section5.2.

After linking, we computetheirradianceat all leaf nodes
(seeSection5.3). Theleaf nodeirradianceis thenpulled up
tothetop of theclusterhierarchyby averagingtheirradiance
on child clusters.We then recursvely traversethe cluster
hierarchyand gatherthe irradianceat eachclusterelement
from over its links. This involvesmultiplying theirradiance
at the emitterelementwith the form factor(7) correspond-
ing to the pair of linked elementsandaddingthe productat
therecever cluster Clustersalwaysreceve contributionsat
theirmidpoint.Gatheringatverticesis possibletoo, but care
needgo betakenwith verticessharedy sibling clusters.

The contritutionsgatheredat all clustersarethenpushed
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Figure 1: Part of the cluster hierarchy relevant for calcu-
lating subsurfacescatteed light at the dot. Each cluster
elementlevel is depictedwith a different shade The sur
roundingtriangles are directly linked to the leaf contain-
ing the dot, whereas the other larger triangles are con-
nectedthroughone of the leaf's parents.We seethat inter-
actionswith distantgeometryare handledat higher levels.
Thecracks betweerthe differentlevelsdo not causevisible
artifactsaslong asthere nementcriteria are met.

down the hierarchy i.e. enegy receved at higherlevelsin

thehierarchyis distributedto theleaf clusters Theaccumu-
lated resultsat the leaf nodes(the facesof the object) are
averagedhttheverticesto allow GouraudgshadingMore de-
tailsontherenderingaregivenin Section5.4.

As before asinglesampleestimatesufces for mostform
factors.Form factorswith nearbyfaceor clusterelements,
which would require more than one sampleaccordingto
Jenseretal 13, areintegratedusingthe semi-analyticatech-
nigqueof Sectior4.

Figure 1 shaws the hierarchyof clusterelementsyrele-
vant for calculatingsubsuréce scatteredight at the indi-
catedspot. Part of the illumination is gatheredat a higher
level thanattheleaffacenode.

3.3. Comparisonwith Previous Work

Jensens Algorithm Jenseret al. 13 also presentedh hier-

archicalintegrationtechniquefor (4) thatallows to integrate
subsurcescatteringn globalillumination algorithmslike
photonmapping.First, they cover the surfaceof the object
with a uniform cloud of irradiancesamplepoint locations.
Thesesamplepointsarethensortedinto anoctreedatastruc-
ture, which also allows to treat distantsamplepoints as a
group. Their integration techniqueis not meshbasedand
thereforeallows awider classof objectdescriptionghanour
method,suchasprocedurallygeneratedgjeometry

The methodproposedn this paperaimsat hardware ac-
celeratednteractve renderingwhichis very oftendonefor
mesh-basedbjectsof thekind shavn throughouthis paper
Our methodoffersa speedadwantagen threeareas:

Integrationof the distantresponseour clusterhierarchy

allows to gatherthe responserom distant elementsat
higherlevels,amortizingits costovermary leafelements.
Integration of the local responsethe semi-analyticform
factor integration method of Section4 is considerably
more accurateand cheapethantheir samplingapproach
for uniformly lit nearbyareas(see Section4.2). Only
if nearbyelementsare not approximatelyuniformly lit,
do they needto be broken into smallerpieces.Jensers
samplingapproachwould correspondo alwaysbreaking
up nearbyelementgo a prede nedmaximumresolution.
In our proof-of-concepimplementationpnly clusterel-
ementsare broken up. Adaptive subdvision of faceele-
mentsstill is to beincorporated.

Hierarchyrehuilding aftera materialor geometryupdate:
aslong asthetopologyof the objectdoesnt changethe
only effect of geometryor materialchangess that links
needto be demotedor promotedn the hierarchyp. It will
be shavn in the resultssection,that our re nement or-
acle andstratgyy are cheapenoughto allow sufciently
fastrelinking. They areevenfastenougto re-rendefrom
scratchatinteractive rates.Re-huilding the sampleoctree
seemdo be a major bottleneckinhibiting interactive up-
datesin Jensers approach.

The quality offeredby bothapproachess in principle simi-
lar. In Jensers methodi,it is controlledby the samplepoint
density In our approachit is controlledby the meshden-
sity. Our methodmay suffer from artifactsdue to the use
of Gouraudshading,or dueto a poor quality mesh.These
problemshave beenwell studiedin the contet of radiosity
hawever andmary solutionsareavailable2.

Both Jensers methodand ours are basedon the dipole
sourceapproximationBSSRDFmodel. We mentionedbe-
fore thatthis modelis only correctfor planarboundariebe-
tweenhomogeneoumaterialsput yields plausibleresultsif
mis-usedor curved surfaces A heterogeneousaterialap-

pearanceanbe simulatedwith texture mappingtechniques
15 20

Hierar chical Radiosity (HR) Radiosityandthesubsurice
scatteringproblem sharesomesimilarities, which the au-
thors of 20 also noticed. A full surfaceto surfacetransfer
needgo be computedHierarchicalmethodscanrelieve the
computationaload considerablyasHR demonstratesOur
methodhowever differsfrom HR in thefollowing way:

Interre ectionsdo not needto be computedI.e. contribu-
tions collectedin the hierarchydo not needto be redis-
tributed.

WhereasHR computesarea-to-are&ransferswe canaf-
ford to justsampleareaat a singlesamplepoint for which
our form factorwasdesigned.

We alwaysassuméull visibility, allowing for fasterlink
re nement.Moreover it reducegossibleartifactscaused
by large contrikutionscollectedat higherlevels.
Clusterroots canbe linked to themselesandtheir chil-
dren (and vice versa).As a matter of fact, theselinks

¢ TheEurographic#ssociation2003.
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representvery importantcontrikution, i.e. theglobalre-
sponse.

Lensch et al. 20 Comparingto this work, our techniqueis
superiorin computingtheglobalresponseincethey rely on
amatrix multiplicationto scatterfrom onepatchto another
In otherwords, this is a quadraticprocedurefor which the
interactve renderingratecaneasilybreakdown in practice.

4. SubsurfaceScattering Form Factor

Our renderingalgorithmis basedon a discretizationof the
object surfacesinto planar polygons A; that both ful Il
certain constraintson size (discussedelon) and that can
be regardedas homogeneouslyit (irradianceE;). In that
case,the outgoingradiosity (4) at ary point Xo canbe ob-
tainedby suramingcontritutions EiF(Aj;%o). Theintegral
F(Ai;%0) = A Ra(Xi;X0)dx; is similar to a point-to-patch
form factorin radiosity:it expresseshe fractionof light en-
tering an objectthroughthe polygon A;, that getsscattered
to thepointxo. We proposehereanef cient, customintegra-
tion techniquéor it.

For planarsurfaces Ry is symmetricin Xo andx;. Hence,
the fraction of light that scattershroughan objectfrom a
patchA; to a point Xo, is the sameas the fraction of light
enteringthe objectat xo that getsscatterednto A;. Thisis
nolongertruewhenusingthedipoleapproximatiorformula
for curved surfaces,dueto the factthatthe dipole approxi-
mationitself is in principle not valid in thatcase However,
usingthedipole approximationwith inverseinterpretation)
will beshavn to resultin plausibleandattractve imagesas
demonstratedh previouswork.15

As mentionedbefore,Ry(Xi; o) is the sumof two terms:
the contritution from two sourcesn a dipole con guration.
Thetermsaresimilar sothatwe will focusontheintegral of
the contritution of a singlesourcepointd of thedipole (see
Tablel):

z e SS

I = Az(1+ S9) 3

s denotegthe distancebetweenthe point x on the polygon
A to the consideredlipole sourced. We rst assumehatA
is a triangle. We shall seethat our result straightforvardly
extendsto the caseof arbitrary planarpolygons.Figure 2
and Table 2 illustrate and explain the symbolsusedin our
derivation.

dx: (8)

We solve theintegral in polarcoordinatesn A's support-
ing plane, using the orthogonalprojectionof d onto this
plane,calleddo, asthepole:

4 qmaxz I'max(d) Ss

I = z(1+ ss)e—rdrdq 9
Qmin I'min(q) 83

Consider to start with, the casethat one of A's ver-
tices coincideswith d° so that rmin(g) = O for all polar
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supportingplaneof triangle
singlesourceof dipole
d orthogonallyprojectedont
d®orthogonallyprojectedon edge
kd® d%%
kd  d%
kd d%, heightof d w.rt. t
R+ h?
parametepn edge t=0 indicatesd®®
to;t1,t2  midpoint,startandendof edge respectiely

Dt t=to+t Dt

ns S=r’+h r’= R+t?

L edgelength,L=1t, t;1

Lo ~

(o}
o
o

~R>po

Table 2: Symbolsusedin theformfactor derivation.

e d (single source)
ol

Figure 2: Left: Depictionof usedvariables(for oneedg).
Right: Integration overthetriangleis performedoyintegrat-
ing alongthe edges. The contribution of front facing edges
is subtactedfromthe contribution of bad facingedges.

angbasq. Changeof integration variabler to the distance
s= r2+ h2, andsubstitutionof u= ss, thenyields:
| 4 7] z (1 ) e
= z(1+ ss
qa 0 s
z 7] h

SS

sdsdq

s s
—e
u

sh dq

z

qu
g2 e SS(CI)

Z -
qu S(0)
s(q) denotesthe distancefrom d to points on the triangle

edgeoppositeto d our areaintegral thushasbeenreduced
to anintegral over onetriangleedge.

Ee sh(

g2 1) dg:  (10)

For a generaltriangle,the sumof threesuchexpressions
is obtained:onefor eachedgeof the triangle. The contritu-
tion of backfacingedgegfurthestaway from dO) is counted
positive, while the contribution of front facingedgess sub-
tracted(seeFigure2).

For ary closedpolygon,the rst termsin (10), called |
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from now on, cancelif d° is outsidethe polygon. If d°is
inside,theirsumequalsZpr—Z]e sh,

The secondterms, which we call I,, are more compli-
cated.Changeof integration variablefrom g to t, the dis-
tancealongtheedgesegmentmeasuredv.r.t. theorthogonal

projection d%of the dipole sourcepoint d onto the edges
supportindine, yields:
_ _ Ra
t(g) = Rtang and dq = R+l (11)
z
5 % e 55 Rdt
l2 = q S R2 + 2 (12)
t Py
- R pt 1 o5 &0 (13

P—————-—5¢
tw F+ZRE+12

t1 = Rtan(q;) andt, = Rtan(q,) denotethe distancegrom
theedgeendpointso d°? Wedid not nd ananalyticsolution
to thisintegral assuch,but Taylor seriesexpansionw.r.t. the
midpointof theedge(parametetp) of thethreemainfactors
in theintegrandallows to obtaina goodapproximation:

h i
1 1 125Dt Dt 2
pP— = —1 - —+ — " +: 14
F+12 S ﬁ $ S 4
1 1 2Dt Dt 2
e %= g% 1 gg ZtO?Dt+(%)2+:::(l6)

Here,sp := S(tg) andrg := r(tp).
Theproductof the Taylorapproximationsesultsin asim-
ple polynomialandits integrationis straightforvard:
ZRe 5%
rdso
The higherordertermscan be safelyignoredby imposing

constraintontheedgelengthL = t,  tq, asdiscussedh the
next section.

lp = L 1+::: a7

In short,the contrikution of a singleedgee dueto oneof
thedipole sourcepointsis le = 11 + |,. Theform factorof a
triangleA with threeedgeq a; b; ) andthedipoleis:

z 0
a

Ra(xi;xo)dx = (Ic+1¢) ;
A 4p

(18)

wherel" and 1Y denotethe contribution from eachdipole

sourcepoint. The signfor atermin the sumis positive if it

is abackfacingedgefor Xo, otherwiseit is negative.

(la* 1) (Ip+1p)

4.1. Err or Analysis

The error due to ignoring secondand higher order terms
in the Taylor seriesexpansions(14) to (16) is straightfor
wardto analyzeif onemalkessurethatthe rst ordertermis
sufciently smallerthanl. The seriesexpansionscorverge
rapidlyin thatcase.

0.6 T T T T T T T T T
Form Factor
MC 10000 samples——

0.5F 1

o4 \ -
— >
x
< 03fF > b
w

0.2 i

0.1f i

— ,,
0 L L L L L T — P

0 01 02 03 04 05 06 07 08 09 1 mm

Figure 3: Thisgraphshows- (A; x) of a standad triangle A

with thetip atx = (0::1cm Ocm). ThebaseedgeisL = 1cm
andthe heightis 0:5cm. The x-axis of the graph showsthe
distanceof the triangle's tip to O. Thesamplepoint X, lies
alsoin the origin (planar setting).Skimmilk was usedas
thematerial. Thebladk curveis evaluatedusingour method,
thecolored curvesshowMonteCarlo evaluations.Our form

factorand10000MonteCarlo samplegesultin virtually the
samecurve

2t Dt D 2_1
Supposewe take £2 < + 5 <3 for the rst factor

Inspectingthe higherorderterms,we then nd thattherel-
ative erroris about15% maximally This conditionwill be

satis edif we ensurethat% < i

A sufcient conditionfor fastcornvergenceof the second
factoris ’% < % This conditionis strongerthanthe previ-

ousonesincero sp= rg+h2.
For the last factorwe needto take jDtjs < %, With L =
2jDtj, we have thefollowing conditions:

L< L<g and L< 3: (29)
S Tfo 5s

If theseconditionsare satis ed, the relative error on the
integrandof |, is maximally roughly 50%. This apparently
high error canonly occurnearthe end-pointsof the edges.

On mostpartof theedgestheerroris muchlower andsois
theerrorontheintegrals.

Edgesnot satisfyingthe above constraintarerecursvely
subdvideduntil theconditionshold. Theerrordecreasesx-
ponentiallywith subdvision.

Evenwhenignoring secondand higherorderterms, rst
ordertermsstill appeairin theresult(17) for I,. Takinginto
accountthe sameconditionsabove, it turnsout thatalsothe
contritution from the rst ordertermsareboundedandcan
be safelyignored.

TheconditionL < % isaglobalone.For moretranslucent
materialsthis conditionbecomesdessimportant.We noticed
no signi cant impacton quality whenignoring this condi-
tion.

¢ TheEurographic#ssociation2003.
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] Form Factor—
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100
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Figure 4: This graph compaes the numberof samplesve
haveto take vs. Jensenand Buhler's method!? to evaluate
the BSSRDFover an incrementallyscaledstandad trian-

gle. We chosexo = O. Thetip of the triangles lies at the
origin as well. The x-axis of the graph showsthe distance
fromthe triangle's baseedge to origin. In this examplewe
chosethe material coefcients for marble AlthoughJensen
andBuhler's methodneeddesssampledor smalltriangles,
their predictednumberof samplesis too small to achieve
acceptableaccumacy, seeFigure 3.

Figure3 compareghe resultsof our methodwith Monte
Carlointegration.It shavs thatour methodindeedproduces
accurateresultswith the above conditions.Using only 12
samplesasdonein 13, producesatherlow accurag for this
setting.

4.2. Discussion

Ourintegrationstratgy hasseveraldistinctpropertiesFirst,
it turnsoutthatmary of theedgecontritutionsin a polygon
meshwill cancelout. Indeed,whenintegrating over neigh-
boringplanartriangles sharededgesareiteratedover twice,
onceper sharingtriangle,and in oppositedirection. If the
trianglesreceve the sameirradiance thetermsG:= I¢+ 1§
for eachsuchedgecancelout. Only the contrikution of outer
edgesremains.For the samereasonthe form factorfor an
arbitrary planar polygon can be obtainedby simply sum-
ming the appropriatelysignedcontributions G for all poly-
gonedges.

Our integration stratgyy is partly basedon analyticinte-
gration,andpartlyonnumericalpproximatiorthroughTay-
lor seriesexpansionThelevel of accurag canbecontrolled
by looseningor tighteningthe re nementconditions(Equa-
tion 19).

In gure 4, we shav the numberof sampleghatwe need
to take for differenttriangles.In this case,a samplecorre-
spondgo computingl, for aline sgment(therecanbemul-
tiple line sggmentsfor an edge,dueto subdvision in order
to meetthe conditions).We comparethis to the numberof
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Figure 5: Comparisorof visual quality with theform factor
procedue andpointsamplingfor marbleat scale20cm.Low
frequencynoiseis clearly visible with point sampling

/

samplesneedecdby Jenserand Buhler 13, The ef ciency of
ourintegrationstratey is evident.

For distantclusters,the form factor will be sufciently
smallto be computedwith a singlepoint sampleat the mid-
point.As gure 4 indicatesthereis nothingto gainby using
the form factorin thesecasesDue to the steeplydescend-
ing natureof Ry asdistanceincreasesywe seethatonly for
nearbyclustergheform factoris appropriate.

By calculatingform factorsdirectly with anobjectmesh,
we avoid the needto generateandkeeptrack of a denseset
of uniformly distributed surfacepoint samplesThis setre-
quirescostlyoperationgo beperformecdeachtime theobject
geometryis changed Furthermorepur integration method
doesnot suffer from high-frequenyg noiselike Monte Carlo
methods®. We comparedanobviousalternatve to our form
factor algorithm, i.e. a form factor using simple uniform
sampling.Theamountof sampless choseraccordingo the
point sampledistribution criteria usedby Jenseretal. 13. It
turnsout thatour form factorproceduras superiorfor both
quality and performanceFor moderatelytranslucenmate-
rials, Ry is quite steepand moresamplesareneededn the
integration.While makinga materiallesstranslucentve no-
ticed a low frequeng noiseanda seriousframerate drop.
Seetable5 and gure 5 for details.

Our form factor algorithm assumegpolygonswith suf-
ciently constanirradiance For samplingfrom ervironment
mapsand point/spotlights, this assumptionis acceptable
sincelighting doesnot tend to changedramatically Care
mustbetakenin situationswheresharpshadav bordersoc-
cur, althoughfor highly scatteringmediathis becomedess
of a problemdueto the diffusing natureof multiple scatter

ing.

5. Implementation

We will now discussseveral implementation-relatetssues
of ourapproach.
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5.1. Mesh Hierar chy Construction

Our algorithmis given a hierarchicalstructuresuchas a
multi-resolutionmesh,a face clusterhierarchyor a subdi-
vision surface, but needsto ensurethat ner clustersare
fully embeddedn coarsetevels. For instance approximat-
ing subdvision schemesand progressie meshesannotbe
appliedhere.

5.1.1. FaceCluster Hierar chy

Faceclusterhierarchieshave beenusedin different appli-
cations,but they arebestknown from faceclusterradiosity
31, Suchahierarchyis built by memging neighboringclusters
until asingleclusteris reachecdtontainingall original faces.

We build our hierarchybottom-upwith analgorithmsim-
ilar to 6. Unlike theirwork, our measurenly triesto cluster
facesas compactlyas possible,ignoring surfacecurnature.
Insteadwe make sureduringlinking, i.e. at run-timewhere
geometryand curvature may change that only nearplanar
clustersarechosensinceourform factoris correctfor planar
clustersonly. To thisendwe take asimplecunaturemeasure
into accountduring linking in orderto reducethe error for
the assumptiorof pIanarcIusters:ATf), whereA® and A are
thetotal projectedareaandtotal areaof theclustertriangles,
respectiely. Theform factorfrom a clusteris thenapprox-
imatedby projectingall its trianglesonto the planede ned
by theclusters midpointandaveragechormal,andworking
with theresultingpolygon.

5.1.2. Subdivision

Anothermethodto obtaina hierarchywith the desiredprop-
ertiesis surfacesubdvision. Sincethe ner clustershave to
befully embeddedh the next coarsetevel, we choseto use
subdvision basedn 4-to-1splits.

Butter y . Any subdvision schemeo beusedmustbein-
terpolatoryto ful Il our hierarchycriteria. For example,the
butter y algorithm# 32 canbe usedto generatéhierarchies
ful lling this criteria. An examplecanbeseenin Figurel.

Shrink-Wrapped. Using a similar algorithmto 17, we
create hierarchiesfor arbitrary closed meshes.We rst
projectthe meshfrom its centeronto a sphere,and relax
it usingthe umbrellaoperator We thentake a coarsebase
meshwhoseverticesaresharedwith the original mesh,and
recursvely split. Wheneer a new vertex is introduced,we
projectit onto the sphere,nd in which triangle from the
original meshit lies, and use the interpolatedcoordinates
from the original meshasthe new coordinatedor the new
vertex.

5.1.3. Discussion

The hierarchy generatedby subdvision is more ef cient
thanthe faceclusteringmethod,sinceevery clusteris rep-
resenteddy exactly onetriangle.But it imposesalsomore

restrictionsonthemesh.Thebutter y methodcanonly pro-
ducesimpleshape$rom alow polygoncountbasemesh Al-
thoughthe shrink-wrappingcanwork on arbitrary meshes,
the approachoften leadsto unevenly tessellatedmeshes.
Overall, it is acompromisébetweeref ciency andquality.

5.2. Re nement Oracle and Strategy

We use Jensers maximumsolid anglecriteria 13, asit is
cheapto evaluateandpractical:

Whenthe maximumdeviation of the solid anglew from
R'schildren's midpointsto E's collectionof facesexceeds
a certainthresholdey, split and move the link down the
hierarchyat R. Repeatuntil thedeviationis below e;.
Beforeconnectingalink to anemitterclusterE, checkw
from R's midpointto E's faces f it is above a threshold
e, split andmove the link down at E. Repeatuntil it is
below &.

More adwancedlinking criteria which re ect the magni-
tudeof theactualform factorbetter maybedevisedin order
to reducdink count.

5.3. Irradiance Sampling

Irradianceis computedat eachleaf cluster(triangle)at run-

time for environmentmapsand point light sourcesin the

lattercase shadavs canbecomputedy emplo/ing avariant
of shadav mapping®. In theformercasewe sampleirradi-

ancefrom an ervironmentbasedon its sphericalharmonics
coefcients. Nine coefcient sufce sincetheincomingradi-

anceundegoesa cosine-weighte¢htegrationoverthehemi-

sphereandis thusbandlimited?*. Shadavs howvever cannot
betakeninto accountunlesswve assumeigid objects?” The

resultingirradiancevalueis obtainedwith asimpledotprod-

uct. Pre ltered ervironment’ mapscanalsobeused but we

did notimplementthis alternatve.

Note that irradianceis only sampledat leaf clusters;
higherclusterspull the averagedrradiancefrom their chil-
dren.

5.4. Rendering

Ourrenderingalgorithmprovidesdiffuseexitant radianceat

eachvertex, which is passedo a setof hardware shaders.
The nal renderingincludesre ection mappingor phong
shading.We addeda Fresnelfactor asseenin equation3,

which is also usedfor renderingre ections from environ-

mentmaps.

Everythingis computedn high dynamicrangeat oating
point precision.A simplegammacurwe per pixel is applied
to the nal shadingfor the purposeof tone mapping.This
enhancethe globalresponsavhichis typically muchlower
thatthelocal responseandaddsa lot to therealism.

¢ TheEurographic#ssociation2003.
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5.5. Interactivity
Our algorithmoperatest differentlevels of interactvity:

1. Render Mode. Shadingis re-evaluatedunder varying
lighting conditions.Irradianceis recomputedat the clus-
ter leaf nodesand distributed along the links and down
the hierarchyto the recever leaf nodes,wherethey are
usedfor rendering.

2. Incremental Mode. Lighting, material and geometry
canbe altered.The algorithmincrementallyupdateshe
links' form factorswhich are connectedo alteredclus-
ters.In casethe materialchangesgvery link is tagged
to beupdatedWe usea simpledemotion/promotiormpro-
cedure® to maintainconsisteng in the hierarchy:links
which do not meetthe conditionsaremovedonelevel up
or down. Interactvity canbe controlledby boundingthe
numberof form factorcomputationgperframe.

3. On-the-y Mode. Eachframe we traversethe hierar
chyto performafull evaluationfrom scratch.This mode
avoidstheoverheadf keepingtrackof links, resultingin
quicker updatesMemory requirementarealsoreduced
signi cantly. However, the framerateis of courselower
andmay compromisénteractvity on slower systems.

6. Results

We implementedur algorithmin C++ onadual Intel Xeon
2.4Ghz2Gb RAM con guration with an ATI Radeon9700
graphicshoard.

Table 3 shavs that our algorithm behaes roughly log-
linearin the numberof triangles.

T L L on-the-y incr. render
2016 89K 441 20 8 5
8160 388K 47.5 a7 23 13
32736 1744K 53.3 188 68 43

131736 6905K 52.7 722 351 199

Table 3: Model compleity versuslink countand running
time (ms).Lookingat the links-pertriangle ratio, we notice
that there is roughly a log-linear correlation betweenthe
numberof triangles T and the numberof links L. The ex-
perimentwasdonefor a marblebutter y subdivisionmodel
scaledat 2.5cm.

In table4 we illustrate the performanceof our approach
with different models.We seethat the numberof links is
mesh-dependenit this experimentwe choosevery conser
vative thresholdgor there nementoraclesuchthatthequal-
ity of the solutionis guaranteedor every situation.

Table5 illustratesthe ef ciency of the form factorcom-
paredto point sampling.We seethat it behaes more ro-
bustly in renderingtime whenthe local responsegainsim-
portance.
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model type T L
992K 97

on-the-y

horse FC 8764

bust FC 10518 1258K 102
elk FC 11384 1743K 165
candle S 4474 435K 41
cube S 16380 1572K 154

Table 4: Overviev of performancewith different models.
Timingsfor on-the- y modeare in ms. Material was mar
ble scaledat 10cm.The hierarchy typesare indicatedby:
(F)ace(C)lusteringor (S)ubdivision.

scale(m) formfactor(ms) pointsampling(ms)
.05 160 162
A 160 168
2 161 222
4 169 501
.8 340 1778

Table 5: Comparisorof theform factor procedue andpoint
samplingon marble Theobject's boundingboxis scaledat
differentsizesTheduration of a full on-the- y evaluationis
measued.

Wewill now discusssomeresultsdepictedn gure 6. All
screenshotsvere taken interactively in on-the- y mode,at
a frame rate rangingfrom 3 to 15fps, roughly Exceptfor
gure 6.5,whichis renderedn incrementaimodeat 7.5fps.

In gure 6.1-2-3a horseis renderedwith threedifferent
materials:skim milk, ketchupandcandlewax, respectiely.
Notice the color shifts acrossthe modelin gure 6.1. The
scatteringof light is very obviousfor thethin geometridea-
turesin gure 6.3whenthemodelis lit from behind.

In gure 6.4,thescaleof whole milk changegrom 1.0m,
10cm,5¢cm,2cm, 1cm,to 5Smm,respectiely. The hierarchy
for thetweetymodelherewasgeneratedisingshrinkwrap-
ping. In the leftmostimage, the shadingis practically the
sameaswith simplediffusere ection. Theawkwardappear
ancein regionswherenormalsare orthogonatto the direc-
tion of incominglight, is dueto (gammacurwe) tone map-
ping.

We interactvely addeda bump to a subdvided cubein
gure gure 6.5.Theresultingmodelis lit with aspotlight,
andenhancedvith shadav mapping Noticehow theshadav
castby the bumpis “leaking' further on the adjacentplane.
For that samecubewe applieda Perlin noise 2® distortion
(gure 6.5): 3D noisesampledat eachvertex and perturbs
its positionalongthe normal.Eachframewe incrementthe
offsetto the noises samplingposition,resultingin afull de-
formationon 16K triangles.This situationis renderednter-
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actively at roughly 4-5 framesper secondjncluding irradi-
ancesampling(spotlight andshadavs).

Figure 6.7a depictshow a simple subdvision shapeis
usedto simulatethe appearancef a candle.lt is lit from
insideby a moving and ick ering point light source When
we applyasimple ‘twist' deformationthe modelgetsthin-
ner, resultingin morelight passinghroughfrom the inside
(gure 6.7b). As this is a very simple model of nearly 5K
triangles this experimentrunsin real-time(15fps).

We shawv a translucentioy elk to shav that modelsare
notrestrictedo be of genus0. Thesphericawheelhasbeen
dentednteractvely, resultingin morescatteredight passing
through.

Figure6.9ashaws a visualizationof the clustersusedfor
shadinga triangle on the earon the left. Interactionsat the
differentlevelsin the hierarchyarecoloreduniquely Right
next to it (6.9b)we shav the actualrendering.

The appearancef a marblebustin gure 6.10hasbeen
enrichedwith Fresneke ection from anervironmentmap.

7. Conclusion
7.1. Summary

We have presentedan efcient techniquefor rendering
translucentdeformableobjects. It allows to interactiely
changeheobjects geometryaswell asthe subsurbcescat-
teringparameters.

To this end we introduce a novel boundary element
methodsimilar to hierarchicalradiosity Our approachdif-
fers from existing work by using a meshhierarchy It has
beenproven to be highly suitablefor deforminggeometry
and changingmaterial properties.The integration over the
whole surfacecanbe handledat differentlevelsin the hier-
archy thusreducingthe compleity for theintegrationfrom
guadraticto log-linear The derivation of a semi-analytical
form factorfor the BSSRDFintroducedby Jenseret al. 1°
is given,for the purposeof handlingthelocal responsevery
efciently. It computesthe total contritution of a triangle
scatteringlight onto a point. Our experimentsshov that it
is animprovementover existing point samplingschemegor
both performanceindaccurag.

We achieve interactie renderingratesfor complex ob-
jectsconsistingof tensof thousandef polygons A full eval-
uationof the shadingcanbe obtainedfrom scratchin frac-
tions of a second An incrementalupdateroutine assistan
increasinghedegreeof interactvity aftermaterialor geom-
etry changes.

7.2. Futur e Work

The currentimplementatiorworks on a x ed meshwith a
x ed hierarchy It is worthwhile to explore adaptie mesh-
ing techniquego handlesituationswhereirradianceis not

constanbver atriangle,suchassharpshade bordersThis

is acommonproblemin radiosityashasbeenstudiedthor-

oughly 2. We would like to extend our techniqueto handle
the very local responsdor ne surfacedetail suchasdis-

placemenbr bumpmapswhichit currentlycanonly handle
with nely tesselatedheshesCurrentlyourimplementation
doesnot handletopology changesAn efcient algorithm
could be devisedto updatethe hierarchyat runtimein this

case,which seemsfeasiblein combinationwith on-the-y

evaluation.

Betteroraclefunctionsmayleadto moreef cient linking,
reducingoverall renderingcost.Alternativeswhich take the
magnitudeof the form factorinto accountare suitablecan-
didates.

Interpolationrmethodsmplaying higherorderbasisfunc-
tionswill remove artifactscausedy Gouraudshading,and
may reducethe needof mary links. Also, the ideaof intro-
ducinghigherorderbasisfunctionsduring hierarchicainte-
gration,ashasbeendonefor HR 2, seemgpromising.

Ourtechniquds currentlyrestrictedo homogeneouma-
terials,alimitation imposedy usingthedipolesourceBSS-
RDF model. We would like to e.g. allow for impuritiesin
the materialcastingvolumetricshadavs insidethe material
(e.g.marble).Thesinglescatteringermis currentlyignored.
We would like to add a single scatteringterm to the ren-
derings which canbe donewith a GPU-basedmplementa-
tion of the Hanrahan-Kruger model8, asdemonstratedby
NVIDIA 22, It would be interestingto investigatewhat the
accuray is of theunderlyingBSSRDFmodel(i.e. usingthe
dipolediffusionapproximation)for curved surfacesandar-
bitrary geometryasit is only valid for semi-in nite planar
media.
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Figure 6: Interactive renderingresults.1-2-3 Horse modelwith different materials.4: Changingthe scale of subsurface
scatteringfor wholemilk. 5: Tesselatedubewith bumpcastingshadow6: Deformationon skimmilk cubeusingPerlin noise
7: Twist-deformatioron candle 8: Exampleof a genus1 model.9: Visualizationof thetraversedclustes in the hierarchy for
shadingthebunny's ear 10: Marble bustrendeedin a high dynamicrange ernvironment.
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