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Abstract
Realisticrenderingof materialssuch asmilk, fruits, wax,marble, andsoon,requiresthesimulationof subsurface
scatteringof light. This paperpresentsan algorithm for plausiblereproductionof subsurfacescatteringeffects.
Unlike previously proposedwork, our algorithm allows to interactivelychange lighting, viewpoint, subsurface
scatteringproperties,aswell asobjectgeometry.
Thekey ideaof our approach is to usea hierarchical boundaryelementmethodto solvethe integral describing
subsurfacescatteringwhenusinga recentlyproposedanalytical BSSRDFmodel.Our approach is inspired by
hierarchical radiositywith clustering. Thesuccessof our approach is in part dueto a semi-analyticalintegra-
tion methodthat allows to computeneededpoint-to-patch form-factor like transportcoef�cients ef�ciently and
accuratelywhere othermethodsfail.
Our experimentsshowthat high-qualityrenderingsof translucentobjectsconsistingof tensof thousandsof poly-
gonscan be obtainedfromscratch in fractionsof a second.An incrementalupdatealgorithmfurther speedsup
renderingafter materialor geometrychanges.

Categories and Subject Descriptors (according to ACM
CCS): I.3.3 [ComputerGraphics]:Picture/ImageGenera-
tionDisplay algorithmsI.3.7 [ComputerGraphics]:Three-
DimensionalGraphicsand RealismColor Color, Shading,
Shadowing andTexture;

1. Intr oduction

In our daily life, we are surroundedby many translucent
objects,suchasmilk, marble,wax, skin, paper, andso on.
Thetranslucency is causedby light enteringthematerialand
scatteringinside it. This subsurfacescatteringdiffusesthe
incident light, making small surfacedetail look smoother.
Furthermore,light may scatterthrough an object, which
lights up thin geometricdetail if illuminated from behind.
Theseeffectscreatea distinct look that cannotbe achieved
with simple surface re�ection models.Even if a material
doesnot seemto bevery translucentat �rst sight,at theap-
propriatescaleit might exhibit subsurfacescatteringeffects
12 (seealsocolorplate�gure 4).
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Subsurfacescatteringeffectscanberenderedof�ine using
a wide rangeof methodsproposedfor participatingmedia,
including�nite elementmethods25; 1; 26, (bidirectional)path
tracing8; 19, photonmapping14; 3, anddiffusionapproxima-
tions29.

A majorbreakthroughwasrecentlyachievedwith anan-
alytical model for subsurfacescattering15, eliminating the
needfor numericalsimulationof subsurfacelight transport
in homogeneoushighly scatteringoptically thick materials
suchasmilk andmarble.In orderto usethismodelin global
illuminationalgorithms,a hierarchicalintegrationtechnique
wasproposedby Jensenet al. 13. Unfortunately, this tech-
nique doesnot appearto allow interactive rendering.The
methodproposedby 20 is interactive, but only for rigid ob-
jectswith �x ed, possiblyinhomogeneous,subsurfacescat-
tering properties.Hao et al.10 producesimilar resultswith
their technique,alsofor �x edgeometry. Our goal is to ren-
derdeformable,translucentobjectsat interactive ratesunder
varying lighting andviewing conditions(seecolor pagefor
examples).

Theproblemathandis relatedto thewidely studiedprob-
lem of real-time renderingwith complex surface BRDFs
e.g.11; 16; 21. Thesetechniquescannothandlesubsurfacescat-
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teringbecausethey assumethatlight is directlyre�ectedand
notscatteredinsidetheobject.Recentwork onprecomputed
radiancetransfer27 can be extendedto handlesubsurface
scattering,asit hasalreadybeendemonstratedto work for
participatingmedia,but it assumesstaticmodels.

We show thatour goalcanbereachedwith a hierarchical
boundaryelementmethodto solve the subsurfacescatter-
ing integral (4) of §2, in the spirit of hierarchicalradiosity
with clustering9; 28; 26; 31. An outline of themethodis given
in §3. The successof the methodis in part due to an ef�-
cient andaccuratesemi-analyticintegrationmethodfor the
neededpoint-to-patchform-factorlike transportcoef�cients
(§4).Designchoicesof our implementationaredescribedin
§5andresultsarepresentedanddiscussedin §6.

2. Background

2.1. The SubsurfaceRe�ection Equation

We �rst introduce the necessarybackgroundon subsur-
facescatteringandthedipolesourceapproximationrecently
broughtto the attentionfor renderingtranslucentmaterials
by Jensenet.al15; 13.

Theshadeof asurfacepointxo onatranslucentobject,ob-
served from a directionwo, is computedwith the following
integral:

L! (xo;wo) =
Z

S

Z

W+ (xi )
L (xi ;wi )S(xi ;wi ;xo;wo)(wi � Ni )dwidxi (1)

L! (xo;wo) andL (xi ;wi) denoteexitant/incidentradiance
respectively. S is the object's surface,W+ (xi ) is the hemi-
sphereabove xi in normaldirectionNi , andS(xi ;wi ; xo;wo)
is the bidirectionalsurfacescatteringdistribution function
(BSSRDF).In general,theBSSRDFis aneight-dimensional
function,expressingwhat fractionof (differential)light en-
ergy enteringtheobjectat a locationxi from a directionwi
leavesthe objectat a secondlocationxo into directionwo.
Becauseof its high dimensionality, it is infeasibleto pre-
computeandstorethis term,especiallysinceit dependson
theobject's geometry.

Previous techniques8; 15 show that subsurfacescattering
can be modeledadequatelyusing two components:single
scatteringandmultiplescattering.Singlescatteringaccounts
for only asmallfractionof theoutgoingradianceof ahighly
scatteringoptically thick translucentmaterialsuchasmar-
ble,milk, . . . . Thedominanttermis themultiple scattering,
whichwe will focuson.

Multiple scatteringdiffuses the incident illumination,
suchthat thereis almostno dependenceon theincidentand
outgoingdirectionanymore.Thereforeit canberepresented
at high accuracy asa four-dimensionalfunction Rd(xi ; xo),
which only dependson theincidentandoutgoingpositions.
Additionally accountingfor theFresneltransmittancewhen
light entersandleavesthematerial,wegetthefollowingsub-

surfacescatteringre�ectancefunction:

S(xi ;wi; xo;wo) =
1
p

Ft(h;wo)Rd(xi ; xo)Ft(h;wi): (2)

Substitutingthis into Equation1, we get:

L! (xo;wo) =
1
p

Ft(h;wo)B(xo) (3)

B(xo) =
Z

S
E(xi)Rd(xi ; xo)dxi (4)

E(xi) =
Z

W+ (xi)
L (xi ;wi)Ft(h;wi)(Ni � wi)dwi (5)

In orderto rendertranslucentobjectsef�ciently , oneneeds
anef�cient way to solvethisequationateverysurfacepoint.

2.2. Dipole SourceApproximation

First, we needto decideon a model for the BSSRDF, and
thusamodelfor Rd. Thismodelhasto ful�ll two maincrite-
ria: it shouldbeadaptableto differentmaterials,andshould
provideanef�cient solutionof equation(4).

An accuratemethodto determineRd(xi ; xo) is to useafull
simulation.Many different techniqueshave beenproposed
(comingfrom theareaof participatingmedia),e.g.8; 26; 19; 14.
While thesetechniquesareeffective, they ful�ll noneof the
above criteria.

Wechoseto usearecentlyintroducedmodelfor theBSS-
RDF in homogeneousmediaas the basisfor our work 15.
This model is basedon a dipole sourceapproximationfor
the solution of a diffusion equation12; 29 that modelslight
transportin denselyscatteringmedia.We shall seethat it
ful�lls theabove requirements.

Thekey ideabehindthedipolesourceapproximationfor
Rd(xi ; xo) 15, is elegantandsimple.An incomingrayatposi-
tion xi on a homogeneous,planar, and in�nitely large and
thick medium is converted into a dipole source(i.e. two
sources)at the sameposition.One sourceof the dipole is
placedat a distancezv above the surfaceat xi . The second
sourceis at a distancezr below the surfaceat xi . Rd(xi ; xo)
is thenobtainedby summinga sort of illumination contri-
bution at xo, dueto the two sourcesnearxi . The result is a
functionof thedistancer only, betweenxi andxo (seeTable
1).

Although the dipole sourceapproximationis only valid
for planar surfaces12; 18, mis-using it for curved surfaces
yieldshighly plausibleresultstoo,ashasbeenshown in sev-
eralcomplex examplesby Jensenet al. 15; 13. We will useit
in the samespirit. The model is also inherentlylimited to
homogeneousmaterials.The appearanceof heterogeneous
materialswassimulatedby meansof texturemappingtech-
niques15; 20 in previous work andthis could bedonein the
work presentedhereaswell.
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Rd(xi ; xo) =
a0

4p

�
zr (1+ ssr )

e� ssr

s3
r

+ zv(1+ ssv)
e� ssv

s3
v

�

zr = 1=s0
t ; zv = zr + 4AD

sr = kxr � xok, with xr = xi � zr � Ni

sv = kxv � xok, with xv = xi + zv � Ni

A =
1+ Fdr

1� Fdr

Fdr = �
1:440

h2 +
0:710

h
+ 0:668+ 0:0636h

D = 1=3s0
t ; s =

q
3sas0

t

s0
t = sa + s0

s; a0 = s0
s=s0

t

s0
s = reducedscatteringcoef�cient (given)

sa = absorptioncoef�cient (given)

h = relative refractionindex (given)

Ft(h;w) = Fresneltransmittancefactor

Table 1: The dipole source BSSRDFmodel. This paper
presentsan ef�cient strategy for computingintegrals of this
model,similar to point-to-patch formfactors in radiosity, as
well as a hierarchical evaluationalgorithm allowing inter-
activerenderingspeeds.

3. Outline of the New Method

In this section,we outline a hierarchicalboundaryelement
methodto solve equation(4) ef�ciently , in the style of hi-
erarchicalradiositywith clustering.Beforeelaboratingthe
detailsof themethodin next sections,we comparewith re-
latedwork at theendof thissection.

3.1. Discretisation of Equation (4)

The additionalsurfaceintegral (4) requiredfor subsurface
scattering,makes the calculationof subsurface scattering
considerablymoreexpensive thanlocal light re�ection cal-
culations.

If we breakthesurfacesof our objectto berenderedinto
regionsAk, andif we assumesmall lighting variationover
eachregion, making E(xi ) = Ek constantfor all xi 2 Ak,
equation(4) reducesto thefollowing sum:

B(xo) = å
k

EkF(Ak; xo) (6)

F(Ak; xo) =
Z

Ak

Rd(xi ; xo)dxi (7)

We computethe factorsF(A;xo) for the midpoint of each
elementw.r.t. all otherelements.The irradianceEk is also
evaluatedat the midpoints.The sum (6) can then be used
to evaluateexitant radianceat eachelementsmidpoint and
takenfor theconstantradiancevaluefor thewholeelement.

The factorsF(A;xo) are similar to point-to-patchform
factors in theradiositymethod2. There,theform factorusu-
ally hasa purelygeometricmeaning,whereasour form fac-
tor alsoencodesthematerialproperties.It is generallymuch
smoother, allowing usto treatE(xi ) asconstantfor largeob-
jectpatches,andevento ignorevisibility.

It turnsout that for all but thenearestelements,a single-
sampleestimateof the form factor is suf�ciently accurate.
Thesamecriterionfor selectinganumberof samplescanbe
usedas in 13. We presentin §4 a semi-analyticintegration
methodfor theform factor. It is indispensablefor ef�ciently
andaccuratelyhandlingnearbyelements,which would oth-
erwisesometimesrequirea largenumberof samples.

3.2. Clustering

Computingsubsurfacescatteredradiancein thissimpleway
is unfortunatelya quadraticprocedurein termsof thenum-
berof elements.This is toocostlyfor interactive imagesyn-
thesis,except for the simplestmodels.A log-linearproce-
dureis obtainedby groupingdistantelementshierarchically
in so calledclusters,in a similar way asin hierarchicalra-
diositywith clustering9; 28; 26; 31.

Eachclusterrepresentsa collectionof faces,alongwith
a compactrepresentationfor thesefaces.This collectionof
facesis madeupof all facesdeeperin thehierarchy. A clus-
ter alsostorespointersto oneor morechild-clusters,which
themselves storea representationfor all their child-faces.
The leaf nodesof this hierarchycorrespondwith the orig-
inal facesof which theobjectis composed.We discussthe
requirementsandoptionsin constructingtheclusterhierar-
chiesfurtherin Section5.1.

Ratherthancomputingtheform factorbetweeneachpair
of faceelements,we�rst createacandidatelink betweenthe
top level clustercontainingall the facesof the object and
itself. Next, this link is subjectedto a re�nementoracle.If
theoracledecidesthat the link would not allow suf�ciently
accurateintegration,thecandidatelink is re�ned by opening
theclusterat thereceiver or emitterside.As such,new can-
didatelinks result,which aretestedin turn. There�nement
oracleandstrategy we usedis describedin Section5.2.

After linking, we computetheirradianceat all leaf nodes
(seeSection5.3).Theleaf nodeirradianceis thenpulledup
to thetopof theclusterhierarchyby averagingtheirradiance
on child clusters.We then recursively traversethe cluster
hierarchyandgather the irradianceat eachclusterelement
from over its links. This involvesmultiplying theirradiance
at the emitterelementwith the form factor(7) correspond-
ing to thepair of linkedelementsandaddingtheproductat
thereceiver cluster. Clustersalwaysreceive contributionsat
theirmidpoint.Gatheringatverticesis possibletoo,but care
needsto betakenwith verticessharedby siblingclusters.

Thecontributionsgatheredat all clustersarethenpushed
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Figure 1: Part of the clusterhierarchy relevant for calcu-
lating subsurfacescattered light at the dot. Each cluster
elementlevel is depictedwith a different shade. The sur-
rounding triangles are directly linked to the leaf contain-
ing the dot, whereas the other, larger triangles are con-
nectedthroughoneof the leaf's parents.We seethat inter-
actionswith distantgeometryare handledat higher levels.
Thecracksbetweenthedifferent levelsdo not causevisible
artifactsaslongasthere�nementcriteria are met.

down the hierarchy, i.e. energy received at higher levels in
thehierarchyis distributedto theleaf clusters.Theaccumu-
lated resultsat the leaf nodes(the facesof the object) are
averagedat theverticesto allow Gouraudshading.Morede-
tailson therenderingaregivenin Section5.4.

As before,asinglesampleestimatesuf�ces for mostform
factors.Form factorswith nearbyfaceor clusterelements,
which would require more than one sampleaccordingto
Jensenetal.13, areintegratedusingthesemi-analyticaltech-
niqueof Section4.

Figure 1 shows the hierarchyof clusterelements,rele-
vant for calculatingsubsurface scatteredlight at the indi-
catedspot.Part of the illumination is gatheredat a higher
level thanat theleaf facenode.

3.3. Comparisonwith Previous Work

Jensen's Algorithm Jensenet al. 13 alsopresenteda hier-
archicalintegrationtechniquefor (4) thatallows to integrate
subsurfacescatteringin global illumination algorithmslike
photonmapping.First, they cover the surfaceof the object
with a uniform cloud of irradiancesamplepoint locations.
Thesesamplepointsarethensortedinto anoctreedatastruc-
ture, which also allows to treat distantsamplepoints as a
group. Their integration techniqueis not meshbasedand
thereforeallowsawiderclassof objectdescriptionsthanour
method,suchasprocedurallygeneratedgeometry.

Themethodproposedin this paperaimsat hardwareac-
celeratedinteractive rendering,which is very oftendonefor
mesh-basedobjectsof thekind shown throughoutthispaper.
Ourmethodoffersa speedadvantagein threeareas:

� Integrationof the distantresponse:our clusterhierarchy

allows to gatherthe responsefrom distant elementsat
higherlevels,amortizingits costovermany leafelements.

� Integrationof the local response:the semi-analyticform
factor integration methodof Section4 is considerably
moreaccurateandcheaperthantheir samplingapproach
for uniformly lit nearbyareas(seeSection4.2). Only
if nearbyelementsare not approximatelyuniformly lit,
do they needto be broken into smallerpieces.Jensen's
samplingapproachwould correspondto alwaysbreaking
up nearbyelementsto a prede�nedmaximumresolution.
In our proof-of-conceptimplementation,only clusterel-
ementsarebroken up. Adaptive subdivision of faceele-
mentsstill is to beincorporated.

� Hierarchyrebuilding aftera materialor geometryupdate:
aslong asthe topologyof theobjectdoesn't change,the
only effect of geometryor materialchangesis that links
needto bedemotedor promotedin thehierarchy5. It will
be shown in the resultssection,that our re�nement or-
acleandstrategy arecheapenoughto allow suf�ciently
fastrelinking.They areevenfastenoughto re-renderfrom
scratchat interactive rates.Re-building thesampleoctree
seemsto be a majorbottleneckinhibiting interactive up-
datesin Jensen's approach.

Thequality offeredby bothapproachesis in principlesimi-
lar. In Jensen's method,it is controlledby thesamplepoint
density. In our approach,it is controlledby the meshden-
sity. Our methodmay suffer from artifactsdue to the use
of Gouraudshading,or dueto a poor quality mesh.These
problemshave beenwell studiedin thecontext of radiosity
however andmany solutionsareavailable2.

Both Jensen's methodand ours arebasedon the dipole
sourceapproximationBSSRDFmodel.We mentionedbe-
fore thatthismodelis only correctfor planarboundariesbe-
tweenhomogeneousmaterials,but yieldsplausibleresultsif
mis-usedfor curvedsurfaces.A heterogeneousmaterialap-
pearancecanbesimulatedwith texturemappingtechniques
15; 20.

Hierar chical Radiosity (HR) Radiosityandthesubsurface
scatteringproblemsharesomesimilarities, which the au-
thors of 20 also noticed.A full surface to surface transfer
needsto becomputed.Hierarchicalmethodscanrelieve the
computationalload considerably, asHR demonstrates.Our
methodhowever differsfrom HR in thefollowing way:

� Interre�ectionsdonotneedto becomputed.I.e.contribu-
tions collectedin the hierarchydo not needto be redis-
tributed.

� WhereasHR computesarea-to-areatransfers,we canaf-
ford to justsampleareaatasinglesamplepoint for which
our form factorwasdesigned.

� We alwaysassumefull visibility, allowing for fasterlink
re�nement.Moreover it reducespossibleartifactscaused
by largecontributionscollectedat higherlevels.

� Clusterrootscanbe linked to themselvesandtheir chil-
dren (and vice versa).As a matter of fact, theselinks
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representa very importantcontribution, i.e. theglobalre-
sponse.

Lensch et al. 20 Comparingto this work, our techniqueis
superiorin computingtheglobalresponsesincethey rely on
a matrix multiplicationto scatterfrom onepatchto another.
In otherwords,this is a quadraticprocedurefor which the
interactive renderingratecaneasilybreakdown in practice.

4. SubsurfaceScatteringForm Factor

Our renderingalgorithmis basedon a discretizationof the
object surfaces into planar polygons Ai that both ful�ll
certainconstraintson size (discussedbelow) and that can
be regardedas homogeneouslylit (irradianceEi). In that
case,the outgoingradiosity (4) at any point xo canbe ob-
tainedby summingcontributions EiF(Ai ; xo). The integral
F(Ai ; xo) :=

R
Ai

Rd(xi ; xo)dxi is similar to a point-to-patch
form factorin radiosity:it expressesthefractionof light en-
tering an objectthroughthe polygonAi , that getsscattered
to thepointxo. Weproposehereanef�cient, customintegra-
tion techniquefor it.

For planarsurfaces,Rd is symmetricin xo andxi . Hence,
the fraction of light that scattersthroughan object from a
patchAi to a point xo, is the sameas the fraction of light
enteringthe objectat xo that getsscatteredinto Ai . This is
no longertruewhenusingthedipoleapproximationformula
for curved surfaces,dueto the fact that thedipole approxi-
mationitself is in principlenot valid in thatcase.However,
usingthedipoleapproximation(with inverseinterpretation)
will beshown to resultin plausibleandattractive images,as
demonstratedin previouswork.15

As mentionedbefore,Rd(xi ; xo) is thesumof two terms:
thecontribution from two sourcesin a dipolecon�guration.
Thetermsaresimilarsothatwewill focusontheintegralof
thecontribution of a singlesourcepoint d of thedipole(see
Table1):

I =
Z

A
z(1+ ss)

e� ss

s3 dx: (8)

s denotesthe distancebetweenthe point x on the polygon
A to theconsidereddipolesourced. We �rst assumethatA
is a triangle.We shall seethat our resultstraightforwardly
extendsto the caseof arbitrary planarpolygons.Figure 2
andTable2 illustrateandexplain the symbolsusedin our
derivation.

We solve theintegral in polarcoordinatesin A's support-
ing plane,using the orthogonalprojection of d onto this
plane,calledd0, asthepole:

I =
Z qmax

qmin

Z rmax(q)

rmin(q)
z(1+ ss)

e� ss

s3 r dr dq (9)

Consider, to start with, the casethat one of A's ver-
tices coincideswith d0 so that rmin(q) = 0 for all polar

t supportingplaneof triangle
d singlesourceof dipole

d0 d orthogonallyprojectedon t
d00 d0 orthogonallyprojectedon edge
R kd0� d00k
S kd � d00k
h kd � d0k, heightof d w.r.t. t

S2 R2 + h2

t parameteron edge,t=0 indicatesd00

t0; t1, t2 midpoint,startandendof edge,respectively
Dt t = t0 + Dt
r;s s2 = r2 + h2, r2 = R2 + t2

L edgelength,L = t2 � t1

Table2: Symbolsusedin theformfactor derivation.
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Figure 2: Left: Depictionof usedvariables(for oneedge).
Right:Integrationoverthetriangle is performedbyintegrat-
ing along the edges.Thecontribution of front facing edges
is subtractedfromthecontributionof back facingedges.

anglesq. Changeof integration variabler to the distance
s=

p
r2 + h2, andsubstitutionof u = ss, thenyields:

I =
Z q2

q1

Z s(q)

0
z(1+ ss)

e� ss

s3 sdsdq

=
Z q2

q1

h
�

zs
u

e� u
i ss(q)

sh
dq

=
z
h

e� sh(q2 � q1) � z
Z q2

q1

e� ss(q)

s(q)
dq: (10)

s(q) denotesthe distancefrom d to points on the triangle
edgeoppositeto d0. Ourareaintegral thushasbeenreduced
to anintegralover onetriangleedge.

For a generaltriangle,thesumof threesuchexpressions
is obtained:onefor eachedgeof thetriangle.Thecontribu-
tion of backfacingedges(furthestaway from d0) is counted
positive,while thecontribution of front facingedgesis sub-
tracted(seeFigure2).

For any closedpolygon,the �rst termsin (10), calledI1
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from now on, cancelif d0 is outsidethe polygon. If d0 is
inside,their sumequals2p z

he� sh.

The secondterms,which we call I2, are more compli-
cated.Changeof integration variablefrom q to t, the dis-
tancealongtheedgesegmentmeasuredw.r.t. theorthogonal
projectiond00of the dipole sourcepoint d onto the edges
supportingline, yields:

t(q) = Rtanq and dq =
Rdt

R2 + t2 (11)

I2 = z
Z q2

q1

e� ss

s
Rdt

R2 + t2 (12)

= zR
Z t2

t1

1
p
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1
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p
S2+ t2

dt: (13)

t1 = Rtan(q1) andt2 = Rtan(q2) denotethedistancesfrom
theedgeendpointstod00. Wedidnot�nd ananalyticsolution
to this integralassuch,but Taylorseriesexpansionw.r.t. the
midpointof theedge(parametert0) of thethreemainfactors
in theintegrandallows to obtaina goodapproximation:
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Here,s0 := s(t0) andr0 := r(t0).

Theproductof theTaylorapproximationsresultsin asim-
plepolynomialandits integrationis straightforward:

I2 =
zRe� ss0

r2
0s0

L
�

1+ : : :
�

: (17)

The higherorder termscanbe safely ignoredby imposing
constraintsontheedgelengthL = t2 � t1, asdiscussedin the
next section.

In short,thecontribution of a singleedgee dueto oneof
thedipolesourcepointsis Ie = I1 + I2. Theform factorof a
triangleA with threeedges(a;b;c) andthedipoleis:
Z

A
Rd(xi ; xo)dxi =

a0

4p

�
� (I r

a+ Iv
a) � (I r

b+ Iv
b) � (I r

c + Iv
c)

�
;

(18)
whereI r and Iv denotethe contribution from eachdipole
sourcepoint. Thesign for a term in thesumis positive if it
is abackfacingedgefor xo, otherwiseit is negative.

4.1. Err or Analysis

The error due to ignoring secondand higher order terms
in the Taylor seriesexpansions(14) to (16) is straightfor-
wardto analyzeif onemakessurethatthe�rst ordertermis
suf�ciently smallerthan1. The seriesexpansionsconverge
rapidly in thatcase.

A

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

Form Factor
MC 10000 samples

MC 100 samples
MC 12 samples

mm

F
( 

  ,
x)

Figure3: ThisgraphshowsF(A;x) of a standard triangleA
with thetip at x = (0::1cm;0cm). Thebaseedge is L = 1cm
and the height is 0:5cm.Thex-axisof the graph showsthe
distanceof the triangle's tip to O. Thesamplepoint xo lies
also in the origin (planar setting).Skimmilk was usedas
thematerial.Theblack curveis evaluatedusingour method,
thecoloredcurvesshowMonteCarlo evaluations.Our form
factorand10000MonteCarlo samplesresultin virtually the
samecurve.

Suppose,we take 2t0
s0

Dt
s0

+
� Dt

s0

� 2 < 1
2 for the �rst factor.

Inspectingthehigherorderterms,we then�nd that therel-
ative error is about15% maximally. This conditionwill be
satis�edif we ensurethat jDtj

s0
< 1

5 .

A suf�cient conditionfor fastconvergenceof thesecond
factoris jDtj

r0
< 1

5 . This conditionis strongerthantheprevi-

ousonesincer0 � s0 =
q

r2
0 + h2.

For the last factorwe needto take jDtjs < 1
5 . With L =

2jDtj, wehave thefollowing conditions:

L
s0

<
L
r0

<
2
5

and L <
2

5s
: (19)

If theseconditionsaresatis�ed, the relative error on the
integrandof I2 is maximally roughly 50%.This apparently
high error canonly occurneartheend-pointsof the edges.
Onmostpartof theedges,theerror is muchlower andsois
theerroron theintegrals.

Edgesnot satisfyingtheabove constraintsarerecursively
subdivideduntil theconditionshold.Theerrordecreasesex-
ponentiallywith subdivision.

Even whenignoringsecondandhigherorderterms,�rst
ordertermsstill appearin theresult(17) for I2. Taking into
accountthesameconditionsabove, it turnsout thatalsothe
contribution from the �rst ordertermsareboundedandcan
besafelyignored.

TheconditionL < 2
5s isaglobalone.Formoretranslucent

materialsthisconditionbecomeslessimportant.Wenoticed
no signi�cant impacton quality when ignoring this condi-
tion.
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Figure 4: This graph compares the numberof sampleswe
haveto take vs.Jensenand Buhler's method13 to evaluate
the BSSRDFover an incrementallyscaledstandard trian-
gle. We chosexo = O. The tip of the triangles lies at the
origin as well. Thex-axisof the graph showsthe distance
from the triangle's baseedge to origin. In this examplewe
chosethematerialcoef�cients for marble. AlthoughJensen
andBuhler's methodneedslesssamplesfor smalltriangles,
their predictednumberof samplesis too small to achieve
acceptableaccuracy, seeFigure 3.

Figure3 comparesthe resultsof our methodwith Monte
Carlointegration.It shows thatour methodindeedproduces
accurateresultswith the above conditions.Using only 12
samplesasdonein 13, producesratherlow accuracy for this
setting.

4.2. Discussion

Our integrationstrategy hasseveraldistinctproperties.First,
it turnsout thatmany of theedgecontributionsin a polygon
meshwill cancelout. Indeed,whenintegratingover neigh-
boringplanartriangles,sharededgesareiteratedover twice,
onceper sharingtriangle,and in oppositedirection. If the
trianglesreceive thesameirradiance,thetermsG:= I r

e + Iv
e

for eachsuchedgecancelout.Only thecontributionof outer
edgesremains.For the samereason,the form factor for an
arbitrary planarpolygon can be obtainedby simply sum-
ming the appropriatelysignedcontributionsG for all poly-
gonedges.

Our integrationstrategy is partly basedon analytic inte-
gration,andpartlyonnumericalapproximationthroughTay-
lor seriesexpansion.Thelevel of accuracy canbecontrolled
by looseningor tighteningthere�nementconditions(Equa-
tion 19).

In �gure 4, we show thenumberof samplesthatwe need
to take for different triangles.In this case,a samplecorre-
spondsto computingI2 for a line segment(therecanbemul-
tiple line segmentsfor anedge,dueto subdivision in order
to meetthe conditions).We comparethis to the numberof

Figure5: Comparisonof visualqualitywith theformfactor
procedureandpointsamplingfor marbleatscale20cm.Low
frequencynoiseis clearlyvisiblewith point sampling.

samplesneededby JensenandBuhler 13. The ef�ciency of
our integrationstrategy is evident.

For distantclusters,the form factor will be suf�ciently
smallto becomputedwith a singlepoint sampleat themid-
point.As �gure 4 indicates,thereis nothingto gainby using
the form factor in thesecases.Due to the steeplydescend-
ing natureof Rd asdistanceincreases,we seethatonly for
nearbyclusterstheform factoris appropriate.

By calculatingform factorsdirectly with anobjectmesh,
we avoid theneedto generateandkeeptrackof a denseset
of uniformly distributedsurfacepoint samples.This setre-
quirescostlyoperationsto beperformedeachtimetheobject
geometryis changed.Furthermore,our integrationmethod
doesnot suffer from high-frequency noiselike MonteCarlo
methods15. Wecomparedanobviousalternative to our form
factor algorithm, i.e. a form factor using simple uniform
sampling.Theamountof samplesis chosenaccordingto the
point sampledistribution criteriausedby Jensenet al. 13. It
turnsout thatour form factorprocedureis superiorfor both
quality andperformance.For moderatelytranslucentmate-
rials, Rd is quitesteepandmoresamplesareneededin the
integration.While makingamateriallesstranslucentweno-
ticed a low frequency noiseanda seriousframeratedrop.
Seetable5 and�gure 5 for details.

Our form factoralgorithmassumespolygonswith suf�-
ciently constantirradiance.For samplingfrom environment
mapsand point/spot lights, this assumptionis acceptable
since lighting doesnot tend to changedramatically. Care
mustbetakenin situationswheresharpshadow bordersoc-
cur, althoughfor highly scatteringmediathis becomesless
of a problemdueto thediffusingnatureof multiple scatter-
ing.

5. Implementation

We will now discussseveral implementation-relatedissues
of our approach.
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5.1. MeshHierar chy Construction

Our algorithm is given a hierarchicalstructuresuch as a
multi-resolutionmesh,a faceclusterhierarchyor a subdi-
vision surface,but needsto ensurethat �ner clustersare
fully embeddedin coarserlevels.For instance,approximat-
ing subdivision schemesandprogressive meshescannotbe
appliedhere.

5.1.1. FaceCluster Hierar chy

Faceclusterhierarchieshave beenusedin different appli-
cations,but they arebestknown from faceclusterradiosity
31. Suchahierarchyis built by mergingneighboringclusters
until a singleclusteris reachedcontainingall original faces.

Webuild ourhierarchybottom-upwith analgorithmsim-
ilar to 6. Unlike their work, ourmeasureonly triesto cluster
facesascompactlyaspossible,ignoring surfacecurvature.
Insteadwe make sureduring linking, i.e. at run-timewhere
geometryandcurvaturemay change,that only near-planar
clustersarechosen,sinceourform factoriscorrectfor planar
clustersonly. To thisendwetakeasimplecurvaturemeasure
into accountduring linking in orderto reducethe error for
the assumptionof planarclusters:A0

A , whereA0 andA are
thetotalprojectedareaandtotalareaof theclustertriangles,
respectively. The form factorfrom a clusteris thenapprox-
imatedby projectingall its trianglesonto theplanede�ned
by thecluster'smidpointandaveragednormal,andworking
with theresultingpolygon.

5.1.2. Subdivision

Anothermethodto obtainahierarchywith thedesiredprop-
ertiesis surfacesubdivision. Sincethe�ner clustershave to
befully embeddedin thenext coarserlevel, we choseto use
subdivision basedon 4-to-1splits.

Butter�y . Any subdivision schemeto beusedmustbein-
terpolatoryto ful�ll our hierarchycriteria.For example,the
butter�y algorithm 4; 32 canbe usedto generatehierarchies
ful�lling this criteria.An examplecanbeseenin Figure1.

Shrink-Wrapped. Using a similar algorithm to 17, we
create hierarchiesfor arbitrary closed meshes.We �rst
project the meshfrom its centeronto a sphere,and relax
it using the umbrellaoperator. We then take a coarsebase
mesh,whoseverticesaresharedwith theoriginalmesh,and
recursively split. Whenever a new vertex is introduced,we
project it onto the sphere,�nd in which triangle from the
original meshit lies, and use the interpolatedcoordinates
from the original meshasthe new coordinatesfor the new
vertex.

5.1.3. Discussion

The hierarchygeneratedby subdivision is more ef�cient
thanthe faceclusteringmethod,sinceevery clusteris rep-
resentedby exactly onetriangle.But it imposesalsomore

restrictionson themesh.Thebutter�y methodcanonly pro-
ducesimpleshapesfromalow polygoncountbasemesh.Al-
thoughthe shrink-wrappingcanwork on arbitrarymeshes,
the approachoften leads to unevenly tessellatedmeshes.
Overall, it is acompromisebetweenef�ciency andquality.

5.2. Re�nement Oracle and Strategy

We useJensen's maximumsolid anglecriteria 13, as it is
cheapto evaluateandpractical:

� Whenthe maximumdeviation of the solid anglew from
R'schildren'smidpointsto E'scollectionof facesexceeds
a certainthresholde1, split andmove the link down the
hierarchyatR. Repeat,until thedeviation is below e1.

� Beforeconnectinga link to anemitterclusterE, checkw
from R's midpoint to E's faces.If it is above a threshold
e2, split andmove the link down at E. Repeat,until it is
below e2.

More advancedlinking criteria which re�ect the magni-
tudeof theactualform factorbetter, maybedevisedin order
to reducelink count.

5.3. Irradiance Sampling

Irradianceis computedat eachleaf cluster(triangle)at run-
time for environmentmapsand point light sources.In the
lattercase,shadowscanbecomputedby employing avariant
of shadow mapping30. In theformercase,wesampleirradi-
ancefrom anenvironmentbasedon its sphericalharmonics
coef�cients. Ninecoef�cient suf�ce sincetheincomingradi-
anceundergoesacosine-weightedintegrationoverthehemi-
sphereandis thusbandlimited24. Shadows however cannot
betakeninto account,unlessweassumerigid objects.27 The
resultingirradiancevalueis obtainedwith asimpledotprod-
uct.Pre�lteredenvironment7 mapscanalsobeused,but we
did not implementthis alternative.

Note that irradiance is only sampledat leaf clusters;
higherclusterspull theaveragedirradiancefrom their chil-
dren.

5.4. Rendering

Our renderingalgorithmprovidesdiffuseexitant radianceat
eachvertex, which is passedto a setof hardware shaders.
The �nal renderingincludesre�ection mappingor phong
shading.We addeda Fresnelfactor, asseenin equation3,
which is also usedfor renderingre�ections from environ-
mentmaps.

Everythingis computedin highdynamicrangeat �oating
point precision.A simplegammacurve perpixel is applied
to the �nal shadingfor the purposeof tonemapping.This
enhancestheglobalresponsewhich is typically muchlower
thatthelocal response,andaddsa lot to therealism.
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5.5. Interacti vity

Ouralgorithmoperatesatdifferentlevelsof interactivity:

1. Render Mode. Shadingis re-evaluatedunder varying
lighting conditions.Irradianceis recomputedat theclus-
ter leaf nodesanddistributedalong the links anddown
the hierarchyto the receiver leaf nodes,wherethey are
usedfor rendering.

2. Incr emental Mode. Lighting, material and geometry
canbe altered.Thealgorithmincrementallyupdatesthe
links' form factorswhich areconnectedto alteredclus-
ters. In casethe materialchanges,every link is tagged
to beupdated.Weusea simpledemotion/promotionpro-
cedure5 to maintainconsistency in the hierarchy:links
whichdonotmeettheconditionsaremovedonelevel up
or down. Interactivity canbecontrolledby boundingthe
numberof form factorcomputationsperframe.

3. On-the-�y Mode. Each frame we traversethe hierar-
chy to performa full evaluationfrom scratch.This mode
avoidstheoverheadof keepingtrackof links, resultingin
quicker updates.Memory requirementsarealsoreduced
signi�cantly. However, the framerateis of courselower
andmaycompromiseinteractivity on slower systems.

6. Results

Weimplementedour algorithmin C++ ona dualIntel Xeon
2.4Ghz2Gb RAM con�guration with anATI Radeon9700
graphicsboard.

Table 3 shows that our algorithm behaves roughly log-
linearin thenumberof triangles.

T L L
T on-the-�y incr. render

2016 89K 44.1 20 8 5
8160 388K 47.5 47 23 13
32736 1744K 53.3 188 68 43
131736 6905K 52.7 722 351 199

Table 3: Model complexity versuslink count and running
time(ms).Lookingat thelinks-per-triangle ratio, wenotice
that there is roughly a log-linear correlation betweenthe
numberof triangles T and the numberof links L. The ex-
perimentwasdonefor a marblebutter�y subdivisionmodel
scaledat 2.5cm.

In table4 we illustratethe performanceof our approach
with different models.We seethat the numberof links is
mesh-dependent.In this experimentwe choosevery conser-
vativethresholdsfor there�nementoraclesuchthatthequal-
ity of thesolutionis guaranteedfor everysituation.

Table5 illustratesthe ef�ciency of the form factorcom-
paredto point sampling.We seethat it behaves more ro-
bustly in renderingtime whenthe local responsegainsim-
portance.

model type T L on-the-�y

horse FC 8764 992K 97
bust FC 10518 1258K 102
elk FC 11384 1743K 165

candle S 4474 435K 41
cube S 16380 1572K 154

Table 4: Overview of performancewith different models.
Timingsfor on-the-�y modeare in ms.Material wasmar-
ble scaledat 10cm.The hierarchy typesare indicatedby:
(F)ace(C)lusteringor (S)ubdivision.

scale(m) form factor(ms) point sampling(ms)

.05 160 162
.1 160 168
.2 161 222
.4 169 501
.8 340 1778

Table5: Comparisonof theformfactorprocedureandpoint
samplingon marble. Theobject's boundingboxis scaledat
differentsizes.Theduration of a full on-the-�y evaluationis
measured.

Wewill now discusssomeresultsdepictedin �gure 6. All
screenshotswere taken interactively in on-the-�y mode,at
a frame rate rangingfrom 3 to 15fps, roughly. Exceptfor
�gure 6.5,which is renderedin incrementalmodeat7.5fps.

In �gure 6.1-2-3a horseis renderedwith threedifferent
materials:skim milk, ketchupandcandlewax, respectively.
Notice the color shifts acrossthe model in �gure 6.1. The
scatteringof light is veryobviousfor thethin geometricfea-
turesin �gure 6.3whenthemodelis lit from behind.

In �gure 6.4,thescaleof wholemilk changesfrom 1.0m,
10cm,5cm,2cm,1cm,to 5mm,respectively. Thehierarchy
for thetweetymodelherewasgeneratedusingshrinkwrap-
ping. In the leftmost image,the shadingis practically the
sameaswith simplediffusere�ection. Theawkwardappear-
ancein regionswherenormalsareorthogonalto the direc-
tion of incominglight, is dueto (gammacurve) tonemap-
ping.

We interactively addeda bump to a subdivided cubein
�gure �gure 6.5.Theresultingmodelis lit with a spotlight,
andenhancedwith shadow mapping.Noticehow theshadow
castby thebump is `leaking' furtheron theadjacentplane.
For that samecubewe applieda Perlin noise23 distortion
(�gure 6.5): 3D noisesampledat eachvertex andperturbs
its positionalongthenormal.Eachframewe incrementthe
offsetto thenoise's samplingposition,resultingin a full de-
formationon 16K triangles.This situationis renderedinter-
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actively at roughly4-5 framespersecond,including irradi-
ancesampling(spotlight andshadows).

Figure 6.7a depictshow a simple subdivision shapeis
usedto simulatethe appearanceof a candle.It is lit from
insideby a moving and�ick ering point light source.When
we applya simple`twist' deformation,themodelgetsthin-
ner, resultingin morelight passingthroughfrom the inside
(�gure 6.7b).As this is a very simplemodelof nearly5K
triangles,thisexperimentrunsin real-time(15fps).

We show a translucenttoy elk to show that modelsare
not restrictedto beof genus0. Thesphericalwheelhasbeen
dentedinteractively, resultingin morescatteredlight passing
through.

Figure6.9ashows a visualizationof theclustersusedfor
shadinga triangleon the earon the left. Interactionsat the
differentlevels in thehierarchyarecoloreduniquely. Right
next to it (6.9b)we show theactualrendering.

Theappearanceof a marblebust in �gure 6.10hasbeen
enrichedwith Fresnelre�ection from anenvironmentmap.

7. Conclusion

7.1. Summary

We have presentedan ef�cient techniquefor rendering
translucentdeformableobjects. It allows to interactively
changetheobject's geometryaswell asthesubsurfacescat-
teringparameters.

To this end we introduce a novel boundary element
methodsimilar to hierarchicalradiosity. Our approachdif-
fers from existing work by using a meshhierarchy. It has
beenproven to be highly suitablefor deforminggeometry
andchangingmaterialproperties.The integration over the
wholesurfacecanbehandledat differentlevels in thehier-
archy, thusreducingthecomplexity for theintegrationfrom
quadraticto log-linear. The derivation of a semi-analytical
form factor for the BSSRDFintroducedby Jensenet al. 15

is given,for thepurposeof handlingthelocal responsevery
ef�ciently . It computesthe total contribution of a triangle
scatteringlight onto a point. Our experimentsshow that it
is animprovementover existingpointsamplingschemesfor
bothperformanceandaccuracy.

We achieve interactive renderingratesfor complex ob-
jectsconsistingof tensof thousandsof polygons.A full eval-
uationof theshadingcanbe obtainedfrom scratchin frac-
tions of a second.An incrementalupdateroutineassistsin
increasingthedegreeof interactivity aftermaterialor geom-
etrychanges.

7.2. Futur eWork

The currentimplementationworks on a �x ed meshwith a
�x ed hierarchy. It is worthwhile to explore adaptive mesh-
ing techniquesto handlesituationswhereirradianceis not

constantover a triangle,suchassharpshadow borders.This
is a commonproblemin radiosityashasbeenstudiedthor-
oughly 2. We would like to extendour techniqueto handle
the very local responsefor �ne surfacedetail suchas dis-
placementor bumpmaps,whichit currentlycanonly handle
with �nely tesselatedmeshes.Currentlyour implementation
doesnot handletopology changes.An ef�cient algorithm
could be devisedto updatethe hierarchyat runtimein this
case,which seemsfeasiblein combinationwith on-the-�y
evaluation.

Betteroraclefunctionsmayleadto moreef�cient linking,
reducingoverall renderingcost.Alternativeswhich take the
magnitudeof the form factorinto accountaresuitablecan-
didates.

Interpolationmethodsemploying higher-orderbasisfunc-
tionswill remove artifactscausedby Gouraudshading,and
mayreducetheneedof many links. Also, the ideaof intro-
ducinghigherorderbasisfunctionsduringhierarchicalinte-
gration,ashasbeendonefor HR 2, seemspromising.

Our techniqueis currentlyrestrictedto homogeneousma-
terials,a limitation imposedby usingthedipolesourceBSS-
RDF model.We would like to e.g.allow for impurities in
thematerialcastingvolumetricshadows insidethematerial
(e.g.marble).Thesinglescatteringtermis currentlyignored.
We would like to add a single scatteringterm to the ren-
derings,which canbedonewith a GPU-basedimplementa-
tion of the Hanrahan-Krueger model8, asdemonstratedby
NVIDIA 22. It would be interestingto investigatewhat the
accuracy is of theunderlyingBSSRDFmodel(i.e. usingthe
dipolediffusionapproximation),for curvedsurfacesandar-
bitrary geometryas it is only valid for semi-in�nite planar
media.
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Figure 6: Interactive renderingresults.1-2-3: Horse modelwith different materials.4: Changingthe scaleof subsurface
scatteringfor wholemilk. 5: Tesselatedcubewith bumpcastingshadow. 6: Deformationon skimmilk cubeusingPerlin noise.
7: Twist-deformationon candle. 8: Exampleof a genus1 model.9: Visualizationof thetraversedclusters in thehierarchy for
shadingthebunny's ear. 10: Marble bustrenderedin a high dynamicrange environment.
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