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The need for optimisation

Machine learning often requires fitting a model to data. Often this means finding
the parameters θ of the model that ‘best’ fit the data.

Regression
For example, for regression based on training data (xn, yn) we might have a model
y(x|θ) and wish to set θ by minimising

E(θ) =
∑
n

(yn − y(xn|θ))2

Complexity
In all but very simple cases, it is extremely difficult to find an algorithm that will
guarantee to find the optimal θ.



A simple case: Linear regression
For example for a linear predictor

y(x|θ) ≡ xTθ

E(θ) =
∑
n

(
yn − θTxn

)2
The optimum is given when the gradient wrt θ is zero:

∂E

∂θi
= 2

∑
n

(
yn − θTxn

)
xni = 0

∑
n

ynxni︸ ︷︷ ︸
bi

=
∑
j

∑
n

xni x
n
j︸ ︷︷ ︸

Xij

θj

Hence, in matrix form, this is

b = Xθ,→ θ = X−1b

which is a simple linear system that can be solved in O
(

(dimθ)
3
)

time.



Quadratic functions

A class of simple functions to optimise is, for symmetric A:

f(x) =
1

2
xTAx− xTb

This has a unique minimum if and only if A is positive definite. In this case, at the
optimimum

∇f = Ax− b = 0→ x = A−1b

For x + δ, the new value of the function is

f(x + δ) = f(x) + δT∇f︸ ︷︷ ︸
=0

+
1

2
δTAδ︸ ︷︷ ︸

≥0

Hence A−1b is a minimum.



Gradient Descent

We wish to find x that minimises f(x). For general f there is no closed-form
solution to this problem and we typically resort to iterative methods.
For xk+1 ≈ xk,

f(xk+1) ≈ f(xk) + (xk+1 − xk)
T∇f(xk)

setting

xk+1 − xk = −ε∇f(xk)

gives

f(xk+1) ≈ f(xk)− ε |∇f(xk)|2

Hence, for a small ε, the algorithm

xk+1 = xk − ε∇f(xk)

decreases f . We iterate until convergence.



Convergence Rate
Let’s assume:

Convexity f is convex and finite over the path x1, . . . ,xT that the gradient
descent algorithm will take.

Finite Solution The optimum x∗ exists and is finite.

∇f Lipschitz continuous The gradient is Lipschitz with constant L. We further
assume f is twice differentiable. This means

H(x) � LI

so that all the eigenvalues of the Hessian are less than or equal to L.

Learning Rate At each step, the learning rate ε ≤ 1/L.

Convergence:

f(xT )− f(x∗) ≤ 1

2εT
(x1 − x∗)

2

This means that the error goes down as O (1/T ) where T is the number of
iterations in the gradient descent algorithm.



Proof (1)

Note that I’m using t here instead of k for the iteration index.

xt+1 = xt − ε∇f(xt)

Taylor’s theorem (with residual term) says

f(y) = f(x) + (y − x)T∇f(x) +
1

2
(y − x)TH(z)(y − x)

for some z. Since H � LI then (writing g(x) = ∇f(x))

f(xt+1) ≤ f(xt)− εg2(xt) +
Lε2

2
g2(xt) = f(xt)− ε

(
1− Lε

2

)
g2(xt)

If ε ≤ 2/L, then f(xt+1) ≤ f(xt). However, if we use a smaller learning rate
ε ≤ 1/L, then we have

f(xt+1) ≤ f(xt)−
ε

2
g2(xt)

Hence, provided ε is small enough, we will decrease the error with each update.



Proof (2)

Since f is convex,

f(y) ≥ f(x) + (y − x)T∇f(x)

Which means

f(xt) ≤ f(x∗) + (xt − x∗)
T

g(xt)

Hence

f(xt+1) ≤ f(xt)−
ε

2
g2(xt) ≤ f(x∗) + (xt − x∗)

T
g(xt)−

ε

2
g2(xt)

Write d = xt − x∗. Then

dTg − ε

2
g2 = − 1

2ε

[
(εg − d)

2 − d2
]

Hence, using d− εg = xt − εg − x∗ = xt+1 − x∗

f(xt+1) ≤ f(x∗) +
1

2ε

[
(xt − x∗)

2 − (xt+1 − x∗)
2
]



Proof (3)
Rearranging the above,

f(xt+1)− f(x∗) ≤ 1

2ε

[
(xt − x∗)

2 − (xt+1 − x∗)
2
]

f(xt+2)− f(x∗) ≤ 1

2ε

[
(xt+1 − x∗)

2 − (xt+2 − x∗)
2
]

Hence the sum ‘telescopes’ with terms cancelling:

T∑
t=1

(f(xt+1)− f(x∗)) ≤ 1

2ε

[
(x1 − x∗)

2 − (xT+1 − x∗)
2
]

≤ 1

2ε
(x1 − x∗)

2

Since f(xT ) ≤ f(xt),

T∑
t=1

(f(xT )− f(x∗)) ≤
T∑
t=1

(f(xt − f(x∗))

T (f(xT )− f(x∗)) ≤ 1

2ε
(x1 − x∗)

2 �



Momentum

One simple idea to avoid the zig-zag behaviour is to make an update in the
average direction of the previous updates.

Moving average
Consider a set of numbers x1, . . . , xt. Then the average at is given by

at =
1

t

t∑
τ=1

xτ =
1

t
(xt + (t− 1)at−1) = εtxt + µtat−1

for suitably chosen εt and 0 ≤ µt ≤ 1. If µt is small then the more recent x
contribute more strongly to the moving average.

Momentum
Idea is to use a form of moving average to the updates:

∆k = −λk∇f(xk) + µk∆k−1

Also useful to avoid saddles (a point where the gradient is zero, but the objective
function is not a minimum, such as the function x3 at the origin) since typically
the momentum will carry you over the saddle.



Nesterov’s Accelerated Gradient
Momentum
We can also write this as

g̃k+1 = µkg̃k − εgk(xk)

xk+1 = xk + g̃k+1

Nesterov
This looks similar to momentum

g̃k+1 = µkg̃k − εg(xk + µkg̃k)

Need to choose a schedule for µk. Nesterov suggests

µk = 1− 3/(k + 5)

For convex functions NAG has rate of convergence to the optimum

f(xk)− f∗ ≤ c

k2

for some constant c, compared to 1/k convergence for gradient descent.



‘Understanding’ Nesterov’s Accelerated Gradient
Let’s imagine that we’ve arrived at our current parameter xk based on an update

xk = xk−1 + vk−1 (1)

where vk−1 is the update. We now (retrospectively) ask: ‘What would have been
a better update than the one we actually made?”. Well, using the update we
arrived at a function value

f(xk) = f(xk−1 + vk−1)

We could have arrived at a better value if instead we’d modified the update and
used instead

vk = vk−1 − ε
∂

∂x
f(xk−1 + vk−1)

Hence, we define

vk = vk−1 − εg(xk−1 + vk−1)

and make the update (note the difference with (1))

xk = xk−1 + vk



‘Understanding’ Nesterov’s Accelerated Gradient

The basic update

vk = vk−1 − ε
∂

∂x
f(xk−1 + vk−1)

essentially is a form of momentum that pushes x along the direction it was
previously going.

Even when we reach a point where the gradient is zero, then vk will be the
same as vk−1.

Without modification, this vanilla algorithm will diverge.

We therefore introduce a ‘braking’ factor 0 < γ < 1 to dampen oscillations
and ensure convergence. This gives the standard Nesterov update:

vk = µk−1vk−1 − ε
∂

∂x
f(xk−1 + µk−1vk−1)

xk = xk−1 + vk

One can also view this as a ‘trust’ region factor (see later) that says that we
only trust the Taylor expansion provided that the update is not too large.



Demo
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Gradient Descent
Momentum
Nesterov

ε = 0.1. µt = 1− 3/(t+ 5) for both momentum and Nesterov. All trajectories
start at the same point and have 50 updates. Nesterov oscillates much less than
momentum. See demoGradDescent.m



Comments on gradient descent
Good
This is a very simple algorithm that is easy to implement.

Bad
Only improves the solution at each stage by a small amount. If ε is not small
enough, the function may not decrease in value. In practice one needs to find a
suitably small ε to guarantee convergence.

Ugly
The method is coordinate system dependent. Let x = My and define

f̂(y) = f(x)

We now perform gradient descent on f̂(y):

[yk+1]i = [yk]i − ε
∑
j

∂f

∂xj

∂xj
∂yi
→ yk+1 = yk − εMT∇f(xk)

Hence

Myk+1 = Myk − εMMT∇f(xk)→ xk+1 = xk − εMMT∇f(xk)

The algorithm is coordinate system dependent (except for orthogonal
transformations).



Coordinate System Dependence

x1

x2

x3

x4

x̂2

x̂3

x̂4

y1
y2

y3

y4

The xk points are the standard gradient descent vectors in the x-coordinate
system. We then map the initial point x1 to the corresponding point y1 = M−1x1

and begin gradient descent in the y space. We can then map each point yk back
to the corresponding point in the x-space using x̂k = Myk. In general (unless M
is orthogonal) the x and x̂ trajectories are different. See
demoGradDescentCoordTransform.m.



Line Search
One way to potentially improve on gradient descent is choose a particular direction
pk and search along there. We then find the minimum of the one dimensional
problem

F (λ) = f(xk + λpk)

Finding the optimal λ∗ can be achieved using a standard one-dimensional
optimisation method. For example if we identify a bracket such that
f(a) > f(b) < f(c) and then fit a polynomial to estimate a new x with
f(x) < f(b), this identifies a new bracket. One then repeats until convergence.
Once found we set

xk+1 = xk + λ∗pk

and then choose another search direction pk+1 and iterate.

Good
By reducing the problem to a sequence of one dimensional optimisation problems,
at each stage the potential change in f is greater than would be typically
achievable by gradient descent.

Search directions
How do we choose a good search direction?



Choosing the search directions

It would seem reasonable to choose a search direction that points ‘maximally
downhill’ from the current point xk. That is, to set

pk = −∇f(xk)

However, at least for quadratic functions, this is not optimal and leads to
potentially zig-zag behaviour:

This zig-zag behaviour occurs for non axis-aligned surfaces.



Philosophy

Other ways to avoid problems of basic gradient descent:

Use Quadratic functions to gain insight
Much of the theory of optimisation is based on the following: Even though the
problem is not quadratic, let’s pretend the problem is quadratic and see what we
would do in that case. This will inspire the solution for the general case.

Quadratic functions
In the quadratic function case, we get zig-zag behaviour if A is not diagonal. If we
could find a coordinate transform x = Px̂

f̂(x̂) =
1

2
x̂TPTAPx̂− bTPx̂

with

PTAP

being diagonal, then we can perform line-search independently along each axis of x̂
and find the solution efficiently. This is achieved by the conjugate gradient
algorithm.



Conjugate vectors
The vectors pi, i = 1, . . . , n are conjugate for the n× n matrix A if

pT
i Apj = δijp

T
i Api, i, j = 1, . . . , n

Searching along these conjugate directions effectively ‘diagonalises’ the problem.
To keep the argument simple, set x1 = 0 and in general

xk+1 = xk + αkpk

where the pk, k = 1, . . . , n form a conjugate set. Then for

f(x) =
1

2
xTAx− xTb

f(xk + αkpk) = f(xk) + αkp
T
kAxk + f(αkpk)

Since xk is a linear combination of p1, . . . ,pk−1 then

pT
kAxk = 0

and we can find the optimal αk by simply minimising f(αkpk), independently of
the previous search directions.



Conjugate Gradients

The question now is how to find the conjugate directions. As we saw, we only
require that pk is conjugate to p1, . . . ,pk−1. Defining gk = ∇f(xk), and

βk = gT
k+1gk+1/(g

T
kgk)

one can show that for the quadratic function at least,

pk+1 = −gk+1 + βkpk

is conjugate to all previous pi, i = 1, . . . , k.
A more common alternative is the Polak-Ribière formula.

βk =
gT
k+1(gk+1 − gk)

gT
kgk

For quadratic functions, with dim x = n, conjugate gradients is guaranteed to find
the optimum in n iterations, each iteration taking O

(
n2
)

operations. In a more
general non-quadratic problem, no such guarantee exists.



Conjugate Gradients

This gives rise to the conjugate gradients for minimising a function f(x)

1: k = 1
2: Choose x1.
3: p1 = −g1

4: while gk 6= 0 do
5: αk = argmin

αk

f(xk + αkpk) . Line Search

6: xk+1 := xk + αkpk
7: βk := gT

k+1gk+1/(g
T
kgk)

8: pk+1 := −gk+1 + βkpk
9: k = k + 1

10: end while



Newton’s method

Consider a function f(x) that we wish to find the minimum of. A Taylor expansion
up to second order gives

f(x + ∆) = f(x) + ∆T∇f +
1

2
∆THf∆ +O(|∆|3)

The matrix Hf is the Hessian.
Differentiating the right hand side with respect to ∆ (or, equivalently, completing
the square), we find that the right hand side has its lowest value when

∇f = −Hf∆⇒∆ = −H−1
f ∇f

Hence, an optimisation routine to minimise f is given by the Newton update

xk+1 = xk − εH−1
f ∇f

For quadratic functions, Newton’s method converges in one step (for ε = 1). More
generally one uses a value ε < 1 to avoid overshooting effects.



Comments on Newton’s method

Good
A benefit of Newton method over gradient descent is that the decrease in the
objective function is invariant under a linear change of co-ordinates, x = My.
Defining f̂(y) ≡ f(x), the change in y under a Newton update is

−H−1

f̂
∇yf̂

where ∇yf̂ = MT∇xf , Hf̂ = MTHfM. In terms of the x coordinate system the
change is

M∆y = −MH−1

f̂
∇yf̂ = −M

(
MTHfM

)−1
MT∇xf = −H−1

f ∇xf = ∆x

so that the change is independent of the coordinate system (up to linear
transformations of the coordinates).

Bad
Storing the Hessian and solving the linear system H−1

f ∇f is very expensive.



More comments on Newton’s method

Newton’s method is not guaranteed to produce a downhill step!

This only happens (for sure) if ε is small and H is positive definite.

If H is positive definite, one can use a line search in the direction H−1∇f to
ensure we go downhill and make a non-trivial jump.

Using Conjugate gradient
When we solve the linear system H∆ = ∇f , a practical approach is to find ∆ by
minimising

Ψ(∆) ≡ 1

2
∆TH∆−∆T∇f

This is typically much faster than calling standard linear solvers (such as Gaussian
elimination).

Quasi-Newton

In Quasi-Newton methods such as Broyden-Fletcher-Goldfarb-Shannon, an
approximate inverse Hessian is formed iteratively.

LBFGS is a popular practical method that limits the memory requirement of
BFGS.



Gauss Newton
Consider objectives of the form

E(w) =

N∑
n=1

[yn − f(xn,w)]
2

where n is for example a data index in a set of N datapoints. This is typical of
square loss functions in regression for predictor function f .

Hessian

∂2E

∂wi∂wj
= 2

∑
n

(
− [yn − f(xn,w)]

∂2fn

∂wi∂wj
+
∂fn

∂wi

∂fn

∂wj

)
, fn ≡ f(xn,w)

Close to the minimum of E, provided the function f is fitting the data well,
then the residuals yn − f(xn,w) will be small and we can ignore the first
term.

The second term is positive definite. We therefore define the matrix
C = 2

∑
n∇fn (∇fn)

T and use this in place of H in the Newton update.



Levenberg-Marquardt algorithm
In the Gauss-Newton method the update requires us to solve the linear system

C∆ = ∇E

However, if we don’t have many training datapoints, then C will be rank
deficient (non-invertible).

Even then, in practice, C may be ill-conditioned (it has a large range of
eigenvalues) which makes solving the system numerically unstable.

LM algorithm
The idea is to regularise the problem and solve (using conjugate gradients)

(C + λI) ∆ = ∇E

for a suitably chosen positive scalar λ.

One can show that this is effectively defining a ‘trust region’ since this is
equivalent to minimising (with respect to ∆)

E(w) + ∆T∇E +
1

2
∆TC∆ +

λ

2
∆T∆

where the final regularising terms constrains the scale of the update ∆.

This makes sense since we only trust the Taylor expansion in the vicinity of w.


